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Dirichlet-to-Neumann
Finite Element Methods for
Wave Problems

Daisuke Koyama

Abstract

The Dirichlet-to-Neumann (DtN) finite element method is applied to the
eigenvalue problem of the linear water wave in a water region with a reentrant
corner and to the exterior Helmholtz problem.

Error estimates of the DtN finite element methods for these problems
are established. The error estimates include the effect of truncation of the
infinite series representing the DtN boundary condition as well as that of the
finite element discretization.

In the case of the eigenvalue problem of the linear water wave, the error
estimates assure that the DtN finite element method improves the deteriora-
tion of convergence rate caused by the corner singularity. Numerical examples
are presented which illustrate this improvement.

In the case of the Helmholtz problem, a new property of the Hankel
functions is proved to get a sharp estimation of the error caused by the
truncation.

A certain DtN boundary condition for the time-dependent wave equation
is proposed which is suitable to the controllability method for solving the
exterior Helmholtz problem. The well-posedness of the wave equation im-
posing the DtN boundary condition is established by using the semi-group
theory. Equivalence between the Helmholtz problem and an exact control-
lability problem arising in the controllability method is investigated. A suf-
ficient condition for the equivalence is presented in discrete level. A typical
example is shown where the condition is satisfied. Some numerical examples
are also presented which verify the validity of the controllability method with
the DtN boundary condition.

A fictitious domain formulation using the Lagrange multipliers is pre-
sented for the 3D Helmholtz problem imposing the DtN boundary condition.
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An algorithm for computing the constraint matrices in the linear system
arising in finite element discretizations is presented. In the algorithm, a tri-
angulation algorithm for the intersection of a tetrahedron and a triangle plays
an essential role. The triangulation algorithm is shown to be numerically ro-
bust, and further is simplified. The effectiveness of the simplified algorithm
is shown through some numerical experiments.
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Chapter 1

Introduction

The boundary value problems of differential equations defined on unbounded
domains or domains with corners often arise in science and engineering
fields. The Dirichlet-to-Neumann (DtN) finite element method is a numerical
method to solve effectively such problems by excluding the unboundedness or
the corner singularity. We investigate the DtN finite element method applied
to wave problems through mathematical analysis and numerical experiments.
As wave problems, we consider the eigenvalue problem of the linear water
wave (the sloshing problem) in a water region with a reentrant corner and
the exterior Helmholtz problem. First, we derive a priori error estimates of
the DtN finite element methods applied to these problems. Next we consider
the controllability method for solving the exterior Helmholtz problem. We
propose a DtN boundary condition for the time-dependent wave equation
that is suitable to the controllability method, and discuss the validity of the
controllability method using such a DtN boundary condition. Finally we pro-
pose a fictitious domain formulation for the Helmholtz problem imposing the
DtN boundary condition, and present an algorithm for computing the entries
of the constraint matrix arising in such a fictitious domain formulation.

1.1 The linear water wave problem

When wave motion in the water with a free surface is described as a mathe-
matical model, the fluid is assumed to be homogeneous, inviscid, and incom-
pressible, and its motion is assumed to be irrotational. The last assumption
guarantees the existence of a velocity potential . When the amplitude of



the wave motions is small, the velocity potential ® satisfies the following
linear initial-boundary value problem:

\

( AP = 0 inQ,
82—¢)+ a_cp = 8_F on [
ot g% Y >

(1]‘) - O on Fl?
on
@(0) = @0 on Fo,
0P
E(O) = @1 on Fo,

where 2 denotes the region of the water at rest, I'y the surface of the water
at rest, I'y the rigid wall in contact with the water at rest, g the acceleration
of gravity, n the outward unit normal vector on the boundary of 2, and F
the additional external force per unit surface affecting the water surface. For
more details of the derivation of (1.1), see, e.g., [121, 98]. In this thesis, we
shall call (1.1) the linear water wave problem.

The eigenvalue problem associated with problem (1.1), i.e., the eigenvalue
problem of the linear water wave is as follows:

—Au = 0 in €,
ou

(1.2) m au on I,
i

% = 0 on Fl-

This eigenvalue problem is often called the sloshing problem. Note here that
the eigenvalues « are related to the sloshing frequencies w by a = w?/g. As
is well known, solutions of (1.1) can be given by superposition of eigenvectors
of (1.2) (see [127]).

For a historical review of the sloshing problem (1.2), we refer to [36] and
references therein. According to [36], we see that the sloshing problem is a
classical problem. In addition, for a historical review of the linear water wave
problem (1.1), see [120, 121, 98].

The sloshing problem is of great concern in aerospace and civil engineering
fields, as exemplified by applications to fuel sloshing in liquid propellant
vehicles and seismic loads on dams and liquid storage tanks.

The sloshing problem (1.2) is analytically solved in the cases when the
water region {2 is so simple that separation of variables can be applied to



the problem; however, in the cases of general shapes of ), approximation
methods are valuable, e.g., in [25] the finite deference method is applied to
the problem in axisymmetric domains, in [106, 42] analytical representations
of approximate solutions are presented in the case when finite difference
discretizations are applied to the problem in rectangular domains, in [37, 38|
the problem in axisymmetric domains is solved by the finite element method,
and in [94] the DtN finite element method is applied to the problem in two-
dimensional domains with a reentrant corner.

1.2 The Helmholtz problem

The wave equation:

1 0*w
c? Ot?
with the wave speed ¢, arises in acoustics, elastodynamics, and electromag-
netics. Its solutions describe the propagations of acoustic, elastic, and elec-
tromagnetic waves (see, e.g., [22, 75]).

In applications, e.g., in the radar technology, most of the time we may
assume that F' is time harmonic:

Pz, t) = f(x) exp(—iwt),

where w is the circular frequency and i = v/—1. In this case, we may also
assume that the solution of the wave equation is of the form w(z, t) =
u(z) exp(—iwt). Then u satisfies the Helmholtz equation:

(1.3) —Aw=F

—Au — k*u = f,

where k£ = w/c is the wave number and will be assumed to be a positive
constant in this thesis.

In the stealth technology for radar, the phenomena are described as the
exterior Helmholtz problem with the Sommerfeld radiation condition im-
posed at infinity:

~Au—ku = f inQ,
u = 0 on7y,

(1.4) )
lim 7 (@—iku) = 0,



where © is an unbounded domain of R? (d = 2 or 3) with boundary ~, f is
a given datum, r = |z| for # € RY, and the last condition is the outgoing
radiation condition. Assume that O = R?\Q is a bounded open set and that
f has a compact support (see Fig. 1.1).

Figure 1.1: An exterior domain €2 with boundary ~ and a compact support

of f.

The computation of numerical solutions of (1.4) for predicting the radar
cross section (RCS) are valuable for the design of stealth planes (see [87]).

1.3 The Dirichlet-to-Neumann (DtN) finite
element method

As was mentioned above, the Dirichlet-to-Neumann (DtN) finite element
method is a numerical technique for seeking approximate solutions of prob-
lems in unbounded domains or domains with corners. Its name comes from
the fact that it employs the Dirichlet-to-Neumann (DtN) operator on an ar-
tificial boundary which is introduced to decompose the domain into a regular
domain and a singular domain.

We present the definition of the DtN operator and the procedure of the
DtN finite element method by taking the case of the exterior Helmholtz
problem (1.4).



We consider the following problem:

—Au—ku = 0 in Q,,

u = on [y,
(15) o (O ’
lim r 2 (8_ - iku) = 0,

rT—00 T

where (), is the singular domain defined by Q, = {z € R?||z| > a}, and T,
is the artificial boundary defined by I', = {x € R?||z| = a} (see Fig. 1.2).
Then the DtN operator § is defined as follows: for every Dirichlet datum ¢

(s

I;

Figure 1.2: A singular domain €.

on [y,

(1.6) Sy (Neumann datum),

ong r,

where u is the solution of (1.5), and ng is the unit normal vector on I'y,
toward the origin (see Fig. 1.2).
The procedure of the DtN finite element method is summarized as follows:

1. We introduce the artificial boundary I', to divide the exterior domain
Q) into the unbounded domain Q; (singular domain) and the residual
bounded domain €, (regular domain). Note that the radius a of the
artificial boundary I, is chosen so large that I', encloses O U supp f,
namely, the nonhomogeneity of the problem (see Fig. 1.3).

2. Since (), is the domain exterior to the ball, we can obtain an analyt-
ical representation of the solution of problem (1.5) by separation of
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Figure 1.3: A regular domain €),.

variables. Using this analytical representation, we obtain an analytical
representation of the DtN operator. We note here that we can also
obtain an analytical representation of the DtN operator when, as an
artificial boundary I',, we choose an elliptic boundary if d = 2, or a
spheroidal one if d = 3 (see [63]).

3. Imposing a boundary condition using the DtN operator, called the DtN
boundary condition, on I',, we reduce the original exterior problem
(1.4) equivalently to the following problem:

—Au—Fku = f in €,

(1.7) u = 0 on -,

Ju - _ —Su onl

an as
where n is the outward unit normal vector on I'; (see Fig. 1.3). Note
that we have n = —n,.

4. We solve (1.7) by the finite element method.

In 1989, Keller—Givoli [86] first called the last equation of (1.7) the DIN
boundary condition, and further the above procedures 1-4 the DtN finite
element method. Before 1989, the DtN boundary condition had been already
known as a boundary condition which is naturally incorporated into the finite
element procedure; several authors had derived the DtN boundary conditions
for several problems and had studied the corresponding DtN finite element
methods.

Examples of such works before 1989 are the following.
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In 1978, Fix-Marin [35], who are pioneers in the DtN finite element
method, derived the DtN boundary condition for the under-water acoustic
problem as a generalized radiation condition; the DtN boundary condition
is based on separation of variables and is represented as a Fourier infinite
series. They presented some numerical examples, where the second order
convergence of the DtN finite element method in the maximum norm is
observed and a comparison between the DtN boundary condition and the
classical radiation condition is made.

In 1980, MacCamy—Marin [103] represented the DtN boundary condition
for the exterior Helmholtz problem through an integral equation; such a
representation is available for general smooth artificial boundaries. They
further established error estimates and presented some numerical examples
which confirm such error estimates.

In 1982, Goldstein [56] derived the DtN boundary condition for the Helmholtz
problem on unbounded waveguides; he also represented it through a Fourier
infinite series. Moreover he established error estimates that include the ef-
fect of truncation of the infinite series as well as that of discretization of the
finite element method. Further, Seto [117] derived the DtN boundary con-
dition associated with the three dimensional water wave radiation problem,
and computed practical problems by using it.

In 1983, Feng [31] derived a Fourier series representation of the DtN
operator for the exterior Helmholtz problem, and presented a sequence of
local artificial boundary conditions which is obtained by approximating the
Fourier series representation by using an asymptotic expansion of the Hankel
functions for large arguments. In addition, Feng—Yu [32] derived the DtN
boundary conditions for the Laplace, the biharmonic, and the linear elastic
equations.

In 1985, Han-Wu [72] established an error estimate for the exterior Laplace
problem which also estimates the error cause by the truncation of the infinite
series in the DtN boundary condition as well as the discretization error due
to the finite element method. Yu [138] analyzed, for the same problem, only
the truncation error.

In 1986, Yu [137] applied the DtN finite element method to the Laplace
problem with a corner singularity, and proved an error estimate with respect
to the mesh size.

In 1987, Masmoudi [105] also proved the same error estimate as in MacCamy—
Marin [103] for the exterior Helmholtz problem. He however employed the
Fourier series representation of the DtN boundary condition, and presented
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some numerical examples which confirm the error estimate.

In 1988, Lenoir-Tounsi [99] established an error estimate of the DtN finite
element method for the two-dimensional water wave radiation problem. In
their error estimate, the truncation error and the discretization error are both
analyzed.

After 1989, the DtN finite element method has been applied further to
various problems.

For problems in unbounded domains, the linear elastic wave problem were
investigated by Givoli-Keller [48] for 2D and by Géachter—Grote [40] for 3D;
the Stokes problem by Yu [140] for 2D and by Zheng-Han [142] for 3D;
and the diffraction problem of a time harmonic wave incident on a periodic
surface of some inhomogeneous material by Bao [6].

For problems with corner singularities, boundary value problems for the
Laplace and the Helmholtz equations were investigated by Givoli-Rivkin—
Keller [50], Givoli-Vigdergauz [51], and Wu-Han [133], and the eigenvalue
problem of the linear water wave (the sloshing problem) by Koyama-Tanimoto—
Ushijima [94].

For time-dependent problems in three dimensional exterior domains, Grote—
Keller investigated the DtN boundary conditions for the scalar wave equation
in [64, 65]; for the elastic wave equation in [67, 61]; and the Maxwell equa-
tion in [66, 62]. For the scalar wave equation, Hagstrom—Hariharan [69] and
Sofronov [119] also investigated.

As mentioned above, the infinite series representing the DtN boundary
condition is truncated at a finite number of terms in practice. So it is impor-
tant to analyze the error due to the truncation for validating the DtN finite
element method. Error estimates including both the truncation error and
the discretization error were first derived by Goldstein [56] for the Helmholtz
problem on unbounded waveguides. His error estimates are very sharp and
give one typical form of estimation of the truncation error.

Wu-Han [133] and Han—Bao [70, 71] established more sophisticate error
estimates for a certain class of the linear elliptic second order boundary value
problem in exterior domains and in semi-infinite strips, for the linear elastic
problem in exterior domains, and for the Laplace and the Helmholtz problems
with boundary singularities. Their error estimates depends not only on the
mesh size and the number of terms used in DtN boundary condition but also
on the position of the artificial boundary. All of the problems they considered
are positive definite. At present we do not know whether such type of an
error estimate can be derived for indefinite problems such as the Helmholtz



problem considered in Goldstein [56].

For other problems, error estimates including the effects of the truncation
error and the discretization error were established by several authors, for
example, for the two-dimensional water wave radiation problem by Lenoir—
Tounsi [99], for the diffraction problem of a time harmonic wave incident
on a periodic surface of some inhomogeneous material by Bao [6], for the
eigenvalue problem of the linear water wave in a water region with a reentrant
corner by Koyama—Tanimoto—Ushijima [94], and for the exterior Helmholtz
problem by Koyama [92].

Further, Ushijima—Ajiro—Yokomatsu [129] derived an error estimate for
the exterior Laplace problem that also includes the effect of the approxima-
tion of the circular artificial boundary, naturally arising in triangulations of
the computational domain.

In addition, there are some studies for the DtN finite element method for
the exterior Helmholtz problem from a different point of view. Grote—Keller
[63] proposed the modified DtN boundary condition to prevent the occur-
rence of positive eigenvalues which is caused by the truncation of the DtN
boundary condition. The resulting system of linear equations in the DtN fi-
nite element computations for large-scale problems is often solved by Krylov
subspace iterative methods. Then the nonlocality of the DtN boundary con-
dition increases the storage requirements for the coefficient matrix and the
computational costs in the matrix-vector products. So Oberai-Malhotra—
Pinsky [111] presented efficient algorithms to compute matrix-vector prod-
ucts that are carried out without storing the dense matrix associated with
the DtN boundary condition. They also presented an SSOR-type precon-
ditioner utilizing the algorithms effectively. Giljohann—Bittner [43] solved a
real engineering problem in the three-dimensional space by the DtN finite
element method, and compared the numerical solution with experimental
data. Grote—Kirsch [68] presented a DtN formulation for multiple scatter-
ing problem, where the computational domain consists of multiple disjoint
bounded domains.

In the realm of the finite element methods for problems in unbounded
domains, there are five other types of methods.

The first method uses other artificial boundary conditions (ABCs) than
the DtN boundary condition. Liu-Kako [101, 102] derived a unique non-
local ABC that has higher-order than the first order absorbing condition
due to Engquist-Majda [29], Bayliss-Gunzburger—Turkel [9], and Feng [31],
and moreover enables us to establish error estimates. Ushijima [128] also
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derived a nonlocal ABC for the exterior Laplace problem by using the idea
of the charge simulation method. Although the DtN boundary condition is
also nonlocal, there are many local artificial boundary conditions which ap-
proximate the (exact) DtN boundary condition. Such local ABCs were pro-
posed by Engquist-Majda [29], Bayliss-Gunzburger—Turkel [9], Feng [31],
Kriegsmann—-Morawetz [95], etc (see, e.g., [46], for a review). The DtN
boundary condition has an advantage over these local ABCs as follows: The
use of the DtN boundary condition arrows us to take the computational do-
main as small as possible, and hence the DtN boundary condition can reduce
the computational costs. Shortcomings of the DtN boundary condition are
twofold: the nonlocality that spoils the sparsity of the coefficient matrix in
the system of linear equations and the necessity to compute values of special
functions which are employed in the analytical representation of the DtN
operator. Further comparisons of the exact DtN boundary condition with
local ABCs are described in [47, 49].

The second method couples the boundary element method with the finite
element method. This method is investigated, for example, by the following
authors: Greenspan-Werner [58], Zienkiewicz-Kelly-Bettess [143], Brezzi-
Johnson [15], Johnson—Nédélec [83], Wendland [131, 132], and Hsiao [80].

The third method employs finite number of elements with infinite measure
and is called the infinite element method (Bettess [11], Bettess—Zienkiewicz
[12], Burnett [18], Demkowicz—Gerdes [23], Shirron-Babuska [118], Gerdes
[41], Demkowicz-Thlenburg [24]).

The fourth method is also called the infinite element method; however it
employs infinite number of elements with finite measure (Thatcher [124, 125],
Ying [135]).

The fifth method uses an absorbing layer which reduces the reflection of
incident waves. This method was proposed by Berenger [10] and is called the
perfectly matched layer (PML).

As other numerical methods for problems with corner singularities base
on the finite element method, there are fourth types of methods as follows.

The first method adds singular functions to the standard finite element
spaces (Fix-Gulati-Wakoff [34]).

The second method uses refinements of the finite element mesh (Raugel
[113], Babuska—Kellogg—Pitkaranta [3]).

The third method generates adaptive meshes by using a posteriori esti-
mates (Babuska-Rheinboldt [5], Morin-Nochetto-Siebert [107]).

The fourth method is the infinite element method due to Thatcher [126]

10



and Ying [134, 135], which was mentioned above as the fifth method for
problems in unbounded domains.

1.4 Topics of the thesis

1.4.1 Error analysis of the DtN finite element method

We consider the eigenvalue problem of the linear water wave in a water
region with a reentrant corner and the exterior Helmholtz problem. For these
problems, we establish error estimates for approximate solutions obtained
by the DtN finite element method. Since the DtN boundary condition is
represented by the Fourier infinite series, we have to truncate the series in
practical computations. So we analyze the series truncation error as well as
the finite element discretization error.

To establish error estimates including the effect of the truncation error,
we employ theorems of Babuska—Osborn [4]. Our theoretical results show
that a bound of the truncation error is O(M~°), where M is the number
of the terms used in the truncated DtN boundary condition, and s is an
arbitrary positive number, and that a bound of the discretization error is
the same bound as is obtained by using a standard finite element method
in the case when the water region is a convex domain. We further present
numerical results concerning the rate of convergence for the DtN method,
and compare them with those obtained by a standard finite element method.
This shows that the use of the DtN method improves the rate of convergence
in comparison with that for the standard finite element method.

Our error analysis for the exterior Helmholtz problem roughly follows the
analysis of Goldstein [56]; however, we needs some properties of the Hankel
functions, which contain a new and important result (Lemma A.7); we were
inspired to prove Lemma A.7 by Han-Bao [70, Lemma 3.1]. We here remark
that in the error analysis of ours (and also of Goldstein), the argument of
Schatz [116] plays an essential role, since the Helmholtz equation is indefinite.

1.4.2 The controllability method

When we apply the finite element method directly to problem (1.7), the coef-
ficient matrix in the linear system of equations to be solved is non-Hermitian
and has an indefinite Hermitian part in general, which makes the linear

11



system hard to solve by Krylov subspace iterative methods such as conju-
gate gradient (CG) method [57] and GMRES [114]. Hence many precon-
ditioning techniques are developed (see, e.g., Bayliss—Goldstein—Turkel [§],
Oberai-Malhotra—Pinsky [111], Elman—O’Leary [27], Magolu monga Made
[104], Kakihara—Koyama—Fujino [84]).

Bristeau-Glowinski-Périaux [16, 17| proposed a controllability method to
avoid solving such a linear system. In the controllability method, we solve
a linear system that arises from discretization of the Laplace equation (cf.
Section 4.5). Since the coefficient matrix in such a linear system is real,
symmetric and positive definite, the linear system is relatively easy to solve
by iterative methods such as preconditioned CG methods [57]. By way of
compensation, the controllability method requires solving the original wave
equation (1.3) with an appropriate ABC imposed on the artificial boundary.

As such an ABC, Bristeau—Glowinski-Périaux [16, 17] use local ABCs
proposed by Engquist and Majda [29], whereas Koyama [89] introduce the
following new ABC:

(1.8) g—z + % = —Su —iku,

where S is the DtN operator defined by (1.6). The controllability method
using (1.8) leads us to the following exact controllability problem: find
u = {ug, u1} € E such that there exists a function u : [0, T| — H'(,)
satisfying

(Pu—Au = f(x)e ™ in  Q,x(0,7),
u = 0 on vx(0,T),
ou  Ou
1.9 4+ = —Su—1
(1.9) 7 + BT Su —iku on ['yx(0,7),
u(z, 0) = wup(x), Ow(zr,0)=wu(z) in Q,
. u(z, T) = w(z), Qu(x,T)=wu(z) in Q

where T = 27 /k, E =V x L*(Q,) with V = {u e H(Q,) | u=0 on ~},
L?(€2,) denotes the usual space of complex-valued square integrable functions
on €, and H'(Q,) is the complex Sobolev space on Q, (for the definition,
see Section 1.6).

One solution to this problem is clearly given by u = {Ulq,, —ikU|q, },
where U is the solution to problem (1.7), because u(z, t) = U(z)e ™ satisfies
(1.9). Hence, if the solution to (1.9) is unique, then the solution to (1.7) is
equal to the first component in €2, that is, (1.9) is equivalent to (1.7). This
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implies that the uniqueness of the solution to problem (1.9) is a sufficient
condition for the equivalence between problems (1.9) and (1.7). Hence, it is
important to prove such a uniqueness in order to validate theoretically the
controllability method using ABC (1.8); however, it is yet to be proved.

Bardos and Rauch [7] showed the uniqueness in the case when ABC (1.8)
is replaced by the following local ABC:

(1.10) g—z + 04(1:)% + B(z)u =0,
where o(z) and 3(x) are smooth functions defined on I', satisfying a(z) > 0
and ((z) > 0, respectively.

In this thesis, as a first step to show the uniqueness, we prove the well-
posedness of the wave equation subject to ABC (1.8). We prove the well-
posedness following the way of the proof due to Ikawa [82]. In [82], a
more general second order hyperbolic differential equation is treated, and
its boundary condition is a generalization of (1.10) associated with the hy-
perbolic differential operator; such a boundary condition does not include
(1.8). So we further need to investigate properties of the Hankel functions
which are used in the analytical representation of the DtN operator, and to
use such properties with care in the proof.

Moreover we discuss the uniqueness of the solution to a semi-discrete
problem of (1.9) discretized by the finite element method. Such uniqueness
is a sufficient condition of the equivalence between problems (1.9) and (1.7)
in discrete level. We present a necessary and sufficient condition for the
uniqueness (cf. Theorems 4.3 and 4.4). Although we have not been able to
prove the uniqueness for general discrete problems, we prove it for a specific
one in Section 4.4. For test problems presented in Section 4.6, numerical
solutions are stably computed, which suggests that the uniqueness for those
problems is true.

1.4.3 The fictitious domain method

When we numerically solve problem (1.7) in the three-dimensional space by
the finite element method, the mesh generation of the computational domain
is generally a hard task. As a numerical method for overcoming this difficulty,
there is a fictitious domain method via Lagrange multiplier. Glowinski et al.
[53, 54, 44, 45] have proposed such a fictitious domain method for solving the
Dirichlet boundary value problems. The works of Glowinski et al. inspire
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Hetmaniuk—Farhat [78] to solve the Neumann boundary value problems by
using the fictitious technique with the Lagrange multiplier.

In this thesis, we give a fictitious domain formulation for solving (1.7). As
a fictitious domain, we use a rectangular parallelepiped domain €2 enclosing
Q, (see Fig. 1.4). We utilize the technique due to Glowinski et al. [53, 54]

Figure 1.4: Left: Domain €2, and boundaries v and I'y; Right: Fictitious
domain (2.

to handle the Dirichlet boundary condition on v, and the technique due to
Hetmaniuk-Farhat [78] to handle the DtN boundary condition on I',. To get
a discrete problem in this formulation, we use a uniform tetrahedral mesh
of the fictitious domain, a tetrahedral mesh of domain e depicted in Fig. 1.5
that is locally fitted to I',, and triangular meshes of the boundaries v and
I',. For those tetrahedral meshes, we employ the continuous piecewise linear

Figure 1.5: Domain e and boundary I'.
functions, and for those triangular meshes, the piecewise constant functions.

Mathematical analysis and practical computations for the associated discrete
problem have not been done yet.
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In this thesis, as a first step of practical computations, we present an algo-
rithm for computing the constraint matrix arising in the resulting system of
linear equations. Although Glowinski et al. compute three dimensional prob-
lems in [54], they do not describe how to compute the constraint matrix. In
our algorithm, a triangulation algorithm for the intersection of a tetrahedron
and a triangle plays an essential role. As far as the author knows, such an
algorithm has never been published yet.

First we design such an algorithm for computing the constraint matrix
so that no degenerate triangles occur in the course of computation on the
assumption that numerical errors do not take place. But some degenerate
triangles can occur in real computations because numerical errors cannot be
avoided completely. However, these degenerate triangles do not cause the
algorithm to fail, that is, the algorithm is numerically robust in the sense
that it always carries out its task ending up with some output (cf. [122]).
Thus, we simplify the algorithm by allowing degenerate triangles to occur
even if it is implemented in precise arithmetic. We show the effectiveness of
the simplified algorithm through numerical experiments.

There are other kinds of fictitious domain methods, for example, the
method which uses locally fitted meshes near the boundary of the original
domain and is often called capacitance matrix method or domain imbedding
method [97, 76, 77, 13, 30, 108, 109], and the method via singular perturba-
tion [39, 1230

Although Kuznetsov-Lipnikov [97] and Heikkola et al. [77] solve the 3D
exterior Helmholtz problem by using a spherical fictitious domain and locally
fitted meshes, they use the local ABCs developed in [9] on the spherical
artificial boundary.

1.5 Organization of the thesis

The remainder of this thesis is organized as follows.

In Chapter 2, we apply the DtN finite element method to the eigenvalue
problem of the linear water wave in a water region with a reentrant corner.
We derive error estimates for approximate eigenvalues and eigenvectors ob-
tained by the DtN finite element method. We give numerical examples to
confirm the error estimates and to compare the rate of convergence for ap-
proximate solutions obtained by the DtN finite element method and by the
standard finite element method.
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In Chapters 3-5, we consider the exterior Helmholtz problem.

In Chapter 3, we establish error estimates in the H'- and L?-norms for
approximate solutions obtained by the DtN finite element method.

In Chapter 4, we investigate the controllability method using the DtN
boundary condition. We give a sufficient condition for the uniqueness of the
solution to the exact controllability problem (1.9), and further a necessary
and sufficient condition for the uniqueness of the solution to the associated
semi-discrete problems. We present numerical examples which suggest that
the uniqueness is true.

In Chapter 5, we present a fictitious domain formulation for solving the
3D exterior Helmholtz problem using the DtN boundary condition. We show
that the problem on the fictitious domain has a unique solution whose re-
striction to the original bounded domain €2, is the solution of problem (1.7).
We present an algorithm for computing the constraint matrix in the resulting
system of linear equations. Further the algorithm is simplified. The original
and the simplified algorithms are both shown to be numerically robust. The
effectiveness of the simplified algorithm is shown through some numerical
experiments.

In Appendix A, we prove some properties of the Hankel functions, which
are employed to derive the error estimates of the DtN finite element method
applied to the exterior Helmholtz problem in Chapter 3, and to mathemati-
cally analyze the controllability method in Chapter 5.

In Appendix B, we prove a theorem concerning the well-posedness of the
wave equation imposing the DtN boundary condition (1.8) which arises in
the procedures of the controllability method.

1.6 Notations

We introduce several notations which will be used throughout this thesis.

If X and Y are Banach spaces, L(X, Y') is the linear space of all bounded
linear operators from X into Y'; for simplicity, we will write L(X) instead of
L(X, X).

For each integer m > 0 and every open subset Q of R?, the real (or
complex) Sobolev space H™(f) is defined by

H™Q) = {v | D* € L*(Q) for all multi indices a such that |a| < m},

where L?(2) denotes the usual space of real-valued (or complex-valued)
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square integrable functions on Q. As usual, for the multi index o = (ay, g, . ..

with nonnegative integers oy, ag, ..., ag, we have

olely |
D% = ol =ar +as+ -+ ay.
0 0xy? - - - 0w g?’ |

On H™(Q)), we shall use the semi-norm
= [ 1D
|a)]=m &
and the norm
ol = Y [ Do
jaj<m €

We shall use the real Soblev space in the linear water wave problem, and
the complex Soblev space in the Helmholtz problem.
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Part 1

The Eigenvalue Problem of the
Linear Water Wave in a Water
Region with a Reentrant
Corner
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Chapter 2

The DtN Finite Element
Method

2.1 The eigenvalue problem of the linear wa-
ter wave

We consider the eigenvalue problem of the linear water wave, which is also
called the sloshing problem:

([ —Au = 0 in
ou
(P) o au on [y,
0
\ 8_Z = 0 on I,

where, as described in Section 1.1, €2 denotes the region of the water at rest,
I’y the surface of the water at rest, I'; the rigid wall in contact with the water
at rest, g the acceleration of gravity, and n the outward unit normal vector on
the boundary of €2. In this chapter, € is assumed to be a bounded polygonal
domain of R?, and then € represents the cross section of a three-dimensional
water region which is uniform in a certain horizontal direction.

In the investigation of earthquake-resistant design methods of liquid stor-
age tanks, problem (P) arises sometimes in a two-dimensional water re-
gion with reentrant corners. For example, Choun—Yun [20] make a two-
dimensional sloshing analysis of rectangular liquid storage tanks with a sub-
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merged structure as illustrated in Fig. 2.1, and discuss the effect of the sub-
merged structure on the sloshing response under seismic loading.

Lo

a submerged structure

Figure 2.1: A rectangular liquid storage tank with a submerged structure.

When we solve problem (P) in a nonconvex water region as shown in Fig.
2.1 by the standard finite element method, the convergence of approximate
solutions can be slow due to the boundary singularity of the solution to
problem (P). As a numerical method to overcome this defect of the standard
finite element method, we have the DtN finite element method.

We make an error analysis of the DtN finite element method applied to
problem (P) in nonconvex water regions.

For the sake of brevity, we consider the case when €2 has only one reentrant
corner on the rigid wall I'y. So, from now on, we will assume the following
assumption:

HypPOTHESIS 1 The domain €2 is contained in the half plane

{(x1, x9) € R? | 29 < 0} in fixed Cartesian coordinates. The boundary Ty is
the intersection of the boundary 02 and the line x5 = 0, and has a positive
1-dimensional Lebesgue measure. The boundary 0f) is a polygon, and has
only one reentrant corner on I'y (see Fig. 2.2).

REMARK 2.1 The assumption that the boundary has only one reentrant cor-
ner 1s not crucial. The results which are described in this paper are easily
extended to the case of a finite number of reentrant corners.
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I

Figure 2.2: A region of the water at rest.

We now introduce the weak formulation of the problem (P):
Find {a, u} € R x {H'(2) \ {0}} such that
o { a(u, v) = a{yu, yv) for all v e HY(Q),
where

a(v, w) = /Vv~dex, v, w € H'(Q),
Q

@) = [ ova, everm)
o

and 7y is the trace operator from H'(Q) into L*(Ty).

Here we readily see that (II) has the trivial eigenvalue and that the corre-
sponding eigenvectors are constant. Moreover, (II) has a countable sequence
of positive eigenvalues. To show this fact, we write (II) in a different form.
For this purpose, we prepare the following spaces:

V = {UEHI(Q) 700d720},

|
o

X = {cbeLQ(ro)y/Fchd»y:o}.

Note that there are constants C'(2) and C(£2) such that

(2.1) C(Q7|lvlligq < a(v, v) + (v, 0v) < C(Q)|Jv]lig
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for all v € H'(€). This implies that V is a Hilbert space equipped with the
inner product a(-,-). Hence we can define the linear operator B: V — V
such that

a(Bu, v) = (you, yv) forall u, v € V.

From this definition, we can see that B is a nonnegative selfadjoint operator.
Furthermore, B is a compact operator since 79 : V — X is a compact
operator. From these properties of B, it follows that the spectrum o(B) of
B consists of zero and a countable sequence of positive eigenvalues which
converge to zero:

Br=> B>\, 0,

i.e., o(B)={0}U{s;}2,. Then, zero is an eigenvalue of B. We note that «
is a positive eigenvalue of (IT) if and only if § = 1/« is a positive eigenvalue
of B. Therefore, (IT) can be written in the following form:

Find {8, u} € {R\{0}} x {V \ {0}} such that
Bu = fu inV.

From the above discussion, we can conclude that (IT) has the countable se-
quence of eigenvalues:

O=ap<a; <apy<--- /400,

where o = 1/5; (i =1, 2, ...).

2.2 The DtN operator and the reduced prob-
lem

Let O, and w (€ (m, 27]), be the vertex, and the angle, of the reentrant
corner, respectively. Let D, be the disc with radius @ and center O. Let
Qs = D, N For sufficiently small a we can assume that €2 is represented
in the following fashion:

Qo={(r,0) | 0<r<a, 0<l<w},
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where (r,0) are appropriate polar coordinates with origin O. Define the
artificial boundary I', through

Io={(a,0) | 0<0<w}.

As a matter of fact, we understand that I', is contained in (2, and that
00, \ T, is a portion of the boundary 9€2. We call € the singular domain,
and introduce the regular domain €2, through

Q= ()" na.

Namely we have a domain decomposition of € with 2, and Q, (see Fig. 2.3).
Hereafter we fix a so small that the above domain decomposition may hold
good.

Figure 2.3: Domain decomposition of (2.

It is well known that on Assumption 1, each of the eigenvectors of (II)
belongs to H%(f2,), but does not necessarily belong to H?(€),) (see Grisvard
[59], [60])-

Here we consider the following boundary value problem:

( —Au = 0 in €,
ou

(G: D) n = & on [y,
ou

\ % = 0 on Fl-
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The weak formulation of the problem (G; ®) is:
Find v € V' such that
(G; @)
a(u, v) = (P, yv) forallveV.
For each ® € X, the mapping
v <(I)7 P)/OU>

is a continuous linear form on V', and hence, by Riesz’ theorem, the problem
(G; ®) has a unique solution.

We can reduce this problem to a problem on the regular domain by impos-
ing a boundary condition on the artificial boundary. This boundary condi-
tion is expressed through a pseudo-differential operator. Let us introduce this
pseudo-differential operator. Let u be the solution of (G; ®). Let ¢ = ulr,
and us = ulg,. Then uy is a solution of the following problem:

—Au, = 0 in

O

(L5 9) Y _ 0 on TyNoN,,
on
us = @ on I,.

The weak formulation of the problem (L; ) is described as follows:
Find us € H'(£2,) such that
(L; ) as(ug, v) = 0 forallve Vg,
us = ¢ onl,,
where
Vi = {veH'(Q)|v=0 onl,},

as(v, w) = /Q Vou-Vwdr, v, we H (Q).

By Riesz’ theorem the problem (L; ) has the unique solution for every ¢ €

v HY(Qy), where 7, is the trace operator from H'(Q,) into L*(T,). Define
the inner product of L?(T',) by

(6, 1) = / CoO)(0)ads, o, e IA(Ty).
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Then the solution u, can be expanded into

00 P bn .
(2:2) uy(r.0) =Y (,Cn) (5) Co(0) in HY(S,),
n=0
where p, =nn/w (n=0,1,2,...) and
C 1 C,(0) = ic(é’)(—lQ )
0 — aw’ n - aw OS{ n n=1,z,

We now define the linear operator A on L*(T',) with the domain:

D(A) = { p e L(Ta) | Y Nlle,Ca)l® < OO}

through the formula:
n=1

where A, = pu,/a. This operator can be considered as a nonnegative self-
adjoint operator acting in the Hilbert space L?*(T,), and is called the DtN
operator associated with the problem (L;¢). Roughly speaking, it trans-
forms a sufficiently smooth function ¢ defined on I', to the outward normal
derivative on I', with respect to € of the solution of the problem (Lj;p).
Using the DtN operator, we can reduce the problem (G; ®) to the following
problem:

( Au = 0 in €,
g_:; = & on T,

(Gr; @) g_z = 0 on Iy,
\ g_z = —Au on T,

where I'y, = I’y N 0Q,, and J/0n is the outward normal derivative with
respect to the regular domain €2,.. It should be noted that the boundary
condition on I', is nonlocal.
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Now we define, for each s > 0, the fractional power A® of A, with the
domain:

D(A®) = {@ € LATa) | Y AVl(p, Gl < OO}

through the formula:
Ao =" X[, Cu)Cn, 9 € D(A).
n=1

Then D(A®) is a Hilbert space equipped with the norm ||¢||sr, = {(¢, ¢) +
(A%, A*p)}1/2. We shall use the semi-norm |p|,, = (A%p, A%p)Y/2.

To pose the weak formulation of the problem (G,; ®), we define the bilin-
ear form ¢(-, -) by

t(v, w) = a, (v, W) + (Y0, Yaw), v, w e H'(,),
where

a,(v, w) = / Vu-Vwdr, v, we H(Q,),
Qr

e, ) = (Ao, AY29) =D "N, Cu)(®, Cn), @, ¥ € D(AY?),
n=1

and we also denote by 7, the trace operator from H'(,) into L*(T';). The
bilinear form ¢(-,-) is well defined because of the relation

(2:3) D(AY?) = 7. H' ().
This relation follows from the fact that D(AY2) = 4, H(Q,) (see [127]) and
(2.4) VaHl (Q,) = VaHl (€25).

The equality (2.4) follows from the continuation theorem (e.g., Theorem
1.4.3.1 of Grisvard [59], Théorem 3.9 of Necas [110]) since each of the bound-
aries of €2, and {2, is a Lipschitz boundary. We next define

V, = {UEHI(Q,«) 700d720},

|
To
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where we also denote by 7, the trace operator from H'(€2,) into L?(Ty). Since
the inequality (2.1), replaced €2, and a(-, -), with ,., and a,(-, ), respectively,
also holds good, we have

(2.3) [[vllLe. < C6%)[v]La,

for all v € V.. This implies that V,. is a Hilbert space equipped with the inner
product a,(-, -). We can now describe the weak formulation of the problem
(G,; @) as follows:

Find v € V,. such that
(Gr; @)
t(u, v) = (@, yv) forallvelV,.

This problem has the unique solution for every ® € X since the bilinear form
t(-, -) is coercive on V;: t(v, v) > |v[i o, for all v € V.

We can now see that (G;®) is equivalent to (G,;®). Namely, we can
state the following proposition.

PROPOSITION 2.1 For each ® € X, let u be the solution of (G;®). Let
u, = u|q, and us = ulg,. Then u, is the solution of the problem (G,; ®), and
us can be expressed in the following form:

uy(r, 0) = f: (ulr,, Cn) (2)’ C(0) in Q..

n=0

Conversely, let u, be the solution of (G,; ®) and let

Uy in €,,
‘e g(%ur, ) (2)“"071(9) n Q.

then u is the solution of (G;®). M

A proof of Proposition 2.1 is presented in the authors’ report [93]. In the
proof, the following lemma plays an essential role.

LEMMA 2.1 For each ¢ € v,H' (), let u be the solution of (L;¢). Then
we have

(2.6) as(u, v) =1l(p, vav) for all v € H ().
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Proof. For every ¢ € v,H'(£,), let u be the solution of (L; ). For every
v € HY(Q,), let w be the solution of (L;v,v). Then we have v —w € Vj, and
hence we get

(2.7) as(u, v) = as(u, w).

Let
,

=, (r, 0) = (-)“” C.0) (n=1,2,...),

a

then we have
as(Zn, Em) = Mbpm (ny,m=1,2,...).

Therefore, it follows easily from (2.2) that

o0

(2.8) as(u, w) = Z (@5 Cn)(Yav, Cn) = (g, Yav).

From (2.7) and (2.8), we obtain (2.6). H

In the same manner as above, we can also reduce the problem (P) to the
following problem:

(—Au = 0 in Q,,
g_z = au on I,
(£) g_z = 0 on Iy,
\ g_z = —Au on T,

and then we can describe the weak formulation of the problem (P,) as follows:
Find {a, u} € R x {H'(92,)\ {0}} such that
t(u, v) = alyou, yv) for all v e HY(Q,).

By the same argument as was described in Section 2.1, we can see that (II,)
has a countable sequence of nonnegative eigenvalues. Moreover, we see from
Proposition 2.1 that (II) is equivalent to (I,.).
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2.3 The discrete approximation problem and
main theorems

In this section we describe how to approximate the eigenvalues and the corre-
sponding eigenvectors of (II,) by using the finite element method, and state
main theorems of this paper, which are concerned with error estimates for
approximate eigenvalues and eigenvectors.

Let W" be a finite dimensional subspace of H'((2,). Applying the finite
element method directly to (II,.), we get the discrete approximation problem:

Find {a", u"} € R x {W"\ {0}} such that
t(ul, v") = a(you”, yovh)  for all vh € W,
However, we can not compute this problem because (-, -) involves an infinite
series. Therefore, to obtain approximate solutions of (II,.), we have to replace
the bilinear form ¢(-,-) by the bilinear form t(-,-) defined by
tM(Ua w) = ar(va w) + ZM(’VaU: ’Yaw>a

where
M

ZM(SO: w) = Z )‘n(‘Pa Cn)(¢a Cn)a o, P € LQ(Fa>'

n=1
We solve the following discrete approximation problem:
) { Find {o", «M"} € R x {W"\ {0}} such that

(HMh
tM(uMh phy = oMM (youMh o) for all o € W

T

Suppose that W" contains the constant functions and that dim~y,W" =

N"™+ 1. Then the problem (ITM") has nonnegative eigenvalues:
0:0484h<04{”h§04§“§...§04%}?.

When getting an eigenvector uM" of (IIM"), we define an approximate eigen-

vector in the whole domain 2 through the following formula:

inh in €,
(2.9) M= M g

> (uut™ G (5) 7 ) im0

n=0 a
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Let {W"| h € (0, h]} be a family of finite dimensional subspaces of H'(£2,.).
We will hereafter make the following assumption.

HypoTHESIS 2 The family {W"| h € (0, h]} satisfies the following condi-
tion:

inf Ju—w"1 0, < Cihllul2g,-
whewh

There is a constant C; such that for each u € H?*(Q,) and h € (0, h],
(H)

For every h € (0, h], W" contains the constant functions.

On Assumptions 1 and 2, we can obtain error estimates for the approx-
imate eigenvectors, which will be described in Theorems 2.1 and 2.2, and
an error estimate for the approximate eigenvalues, which will be described
in Theorem 2.3. To state these theorems, we prepare some notations. Let
aq, g, ... be the positive eigenvalues of (IT) ordered by increasing magni-
tude taking account of multiplicities. For 7 € N, suppose ay, is a positive
eigenvalue of (II) with multiplicity g¢;, i.e., suppose

Qi1 < Qg = Qg1 = -0 = Qg1 < Qgybgy = Vyyy -
Here k; is the lowest index of the ith distinct positive eigenvalue. Let
V(i) be the space of eigenvectors of (II) corresponding to «y,. For each
i € N, there is h; € (0, h] such that N* > k; + ¢ — 1 for all h € (0, hy,
where dimy,W" = N* + 1. For all h € (0, hy], VM"(i) is the direct
sum of the spaces of eigenvectors of (II*") corresponding to the eigenval-

Mh . Mh Mh - : -
ues {ag ", ottty ..., a1} We will hereafter discuss for fixed i € N.

THEOREM 2.1 Suppose that the domain Q) satisfies Assumption 1, and that
the family {W"] h € (0, B]} satisfies Assumption 2. Let uy, ua, ..., ug be
any orthonormal basis for V(i) with respect to a(-,-). Then for sufficiently
large integer M and for sufficiently small h € (0, hy], there is an orthonormal
basis u%h, u%h, o uf,”q? for VM(i) with respect to tM(-,-) such that if
we define the approzimate eigenvectors u}™ (I = 1,2, ..., ¢;) in the whole
domain Q as (2.9), then for each s > 0,

(2.10) | — ui™|1q, + lug — w10, KC M+ Ch (1=1,2,...,q),

where Cy and C' are constants independent of M and h. R
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THEOREM 2.2 Suppose that the domain § satisfies Assumption 1, and that
the family {Wh] h € (0, h]} satisfies Assumption 2. For sufficiently large
integer M and for sufficiently small h € (0, h;], let u%h, u%h, e u%j}
be any orthonormal basis for VM (i) with respect to t"(-,-). We define the
approzimate eigenvectors u}" (I = 1,2, ..., ¢;) in the whole domain Q as

_ . (Mh) (Mh) (Mh) :
(2.9). Then there is an orthonormal basis uy ', us ~, ..., ug  for V(i)

with respect to a(-,-) such that for each s > 0,
JuMh — ul(Mh)’LQT + |u !t — ul(Mh)’LQS <OM>P+Ch (1=1,2,...,q),
where Cs and C are constants independent of M and h. 1

THEOREM 2.3 Suppose that the domain ) satisfies Assumption 1, and that
the family {W"| h € (0, h]} satisfies Assumption 2. Let ou, be the ith distinct
positive eigenvalue of (IT) with multiplicity q;. For sufficiently large integer
M and for sufficiently small h € (0, h;], let o}, ", ...,oz%fl be the
positive eigenvalues of (ITM") ordered by increasing magnitude taking account
of multiplicities. Then, for each s > 0,

(2.11) |ow, —apt || SC M5+ Ch* (1=1,2,...,q),
where Cs and C are constants independent of M and h. 1

REMARK 2.2 To construct the family {Wh\ h € (0, B]} which satisfies As-
sumption 2, we need to consider curved elements (see Zlamal [144]) since
the artificial boundary I, is a circular arc. We can construct such a family
in the following. Let T" be a triangulation of Q. whose elements are curved
elements near I'y. FEvery curved element has two vertices by, by on 'y, and

one vertex by in .. Its boundary consists of the arc boboC 'y and of the
line segments boby and biby (see Fig. 2.4). Let T be the set of all curved
elements belonging to T". Let T be a reference triangle. For each T € T,
let z: T — T be the map defined by (4) of [144]. We define

W":{vheCO(Q_r)] rox e P(T) for T e TP,
" € Py(T) forTGTh\’]Bh},

where P(T) is the set of all polynomials of degree < 1 on T. Then Wh C
HY(Q,) and contains the constant functions. Assume a family of triangu-
lations {T" | h € (0, h]} is reqular in the sense of Ciarlet [21]. Namely,
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h = max hr, and there exists a constant o such that
TeT

hr
—<g or all T € 7"
or J U

0<h<h

Here, for every element T with vertices by, by, and by, the quantities hr,
and pr, are the diameters of the circumscribed, and the inscribed, circles of
the triangle bobiba, respectively. Then, according to Theorem 2 of [144], the
family {W"| h € (0, h]} satisfies the condition (H).

b,

Figure 2.4: Curved element 7.

2.4 Preliminary consideration for error esti-
mate

LEMMA 2.2 There exists a constant ( such that for every v € V..,
(2.12) [vavlijzr. < Clvhg,-

Proof. Since v, : H'(£,) — D(A'/?) is a closed operator, it follows from
(2.3) and the closed graph theorem that v, € L(H'(€,), D(AY?)). Hence
we can see from (2.5) that we have (2.12). MW
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This lemma implies that the norms || - ||; (= t(-,-)¥?) and || - ||« (=
tM(.,)/2) on V, are equivalent to | - |;.q,, i.e., for all v € V,,

(2.13) Jvhe, < [lvllar < [lolle < Clvlig,
where C¢ = /14 (2. From (2.13), it is immediate that
(2.14) lvlle < Ccllvlfear-

We will hereafter take (-, -) to be the inner product on V.
As mentioned in Section 2.2, for every ® € X, the problem (G, ; ®) has the

unique solution u. Hence, there is a linear bounded operator G, : X — V,
such that G, P = u.

LEMMA 2.3 For each ® € X, let u be the solution of (Gy; @), i.e., u=G,0,
then you € D(A®) for every s > 0. In addition, v,G, € L(X, D(A®)) for
each s > 0.

Proof. For each & € X, let u be the solution of (G,; ®). Let ¢ = y,u. We
choose a positive number b such that b > a and b is sufficiently close to a.
Let I', be the artificial boundary with radius b. Let ¢, = u|r, and

1
Ch = (0 \/—Cosun (n=1,2,...).
bw’

Let (-, ), denote the inner product of L?(I'y). Then, by Proposition 2.1, we
have

> a\ Hn
)= 3 (en O (5) Cal0)

Hence ¢ is an even function of class C*°, which implies that ¢ € D(A?) for
s > 0.

Further, since 7,G, : X — D(A?®) is a closed operator, it follows from
the closed graph theorem that v,G, € L(X, D(A®)). W

2.4.1 Estimate for the truncation error

We define the linear operator B, : V,, — V,. such that

t(Byu, v) = (you, yv) forall u, v €V,.
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By the same argument as that for B in Section 2.1, we can see that B, is a
compact, nonnegative selfadjoint operator on V; and that the problem (II,)
can be written in the following form:

Find {8, u} € {R\{0}} x {V,\{0}} such that
Bu = fu inV,.

Then « is a positive eigenvalue of (II,.) if and only if § = 1/« is a positive
eigenvalue of B,.
Further, we define BM € L(V}) such that

tM(BMu, v) = (you, yov) for all u, v € V.

In this subsection, we derive an estimate for || B, — BM|| ;).
We here define the bilinear form (-, ) by

M (v, w) = Z M (Y00, Cn)(vaw, C)  for all v, w € H'(R,).

n=M+1

We will write r™ (v) instead of r (v, v)!/2,

PROPOSITION 2.2 Let u be the solution of (G,;®), then for every s > 0,
(2.15) 7™ (u) < (A1) " attlstajar..

Proof. By Lemma 2.3, y,u € D(A®) for all s > 0. Therefore we have

Z An| (Yo, )2

n=M+1
[ee] 1 .
= > e, G
n=M+1 "
- 1/2 ~ 1/2
< (/\M-i—l)s( Z )‘is+1|(7au7 Cn)|2> ( Z /\n|(7aua On)|2> .
n=M+1 n=M+1

This yields (2.15). W
We next define QM € L(V}) through the following identity:

M (QMu, v) = t(u, v) for all u, v € V.
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Then we have

(2.16) B = Q"B,,

and

(2.17) tM((I — QM)u, v) = —rM(u, v) for all u, v € V.

PROPOSITION 2.3 For each s > 0, there is a constant Cy independent of M
such that

(2.18) 1By — BM||lLv) < ColAnrsr) ™.

Proof. Step 1. There is a constant C” independent of M such that for every
v eV,

(2.19) [I(7 = @")vlle < C'r¥ (v).
Indeed, from (2.14) and (2.17), we have
I =Q@")lly < CZIU —Q@")vlu

= —CHM(v, (I-Q"))
< G )= Q)]

This shows (2.19).
Step 2. For each s > 0, there is a constant C? independent of M such
that for every v € V,,

(2.20) r(Byv) < CY(Aar1) " [[lls-

In fact, we have v,B, = 7,G,7. Hence, it follows from Lemma 2.3 that we
have v, B, € L(V,, D(A**1/2)). Furthermore, from Proposition 2.2, we get

rM(Bow) < (A1) " VaBrvllsi1/2,r,
< (A1) e Bell v, peaserrzy o]l

Thus we see that (2.20) holds.
Step 3. It follows from (2.16), (2.19), and (2.20) that for every v € V,,

(2.21) [|(B:=B )vlle = |(I-Q™) Byvlly < C'r™(Brv) < C'CY(Aaraa) [0l

From (2.21), we can obtain (2.18). H
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2.4.2 Estimate for the discretization error

As mentioned in Section 2.3, we assume that the family {W"| h € (0, A]}
of finite dimensional subspaces of H'((2,) satisfies Assumption 2. Let V" =
WMV, (0 < h < h). Then we see that the family {V"| h € (0, h]} satisfies
the following condition:

There is a constant C] such that for each v € H*(,) NV, and
H' 7 .
I he©m,  f Ju—o"lia, < Cihlullsg,.

vhevh

In addition, if dim~yoW" = N" + 1, then we have dim v, V" = N".
We define the linear operator BM" : V, — V" such that

tM(BMhy, ™) = (you, yv™)  for all u € V. and for all v" € V.

Then, since BM" is an operator of finite rank on V,, BM" is a compact
operator on V,. The spectrum o(BM") of BM" consists of zero and positive
eigenvalues:

Mh Mh Mh
1 2ﬁ2 2."2ﬂN’17

ie., o(BMh) = {0} U {BMM}N" | Then zero is an eigenvalue of BM". Note
that o™" is a positive eigenvalue of (ITM") if and only if 3M" = 1/a™" is a
positive eigenvalue of BM". Hence we can write (IT7") in the following form:

{ Find {pM" vMh} e {R\ {0}} x {V, \ {0}} such that

BMhyMh . gMhy Mh
We will derive an estimate for || B — BM"|| (1) under the condition (H').
Now, let PM" . V. — V" be the orthogonal projection with respect to
tM(-, +), then we have
(2.22) BMh = pMhpM,
PROPOSITION 2.4 For each s > 0, we have
(2:23) |1BY = B ||y < Cs(Anr1) ™" + Ch,

where Cy and C' are constants independent of M and h.
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Proof. By (2.22), (2.14), and (2.13), we have, for every v € V,,
(2.24)|| BYv — B}l

= |1 - P™)BMo,
Cell(Z = PM)BM vl

Ce jnt |[BMo = 0"

IA

IN

C{ B, = Byl + B0~ oo}

< €I, = Byl + Cc jnt, 1B~ "l |
vhevh
We here note that
(2.25) B, € L(V,, H*(%,)).

In fact, for every v € V,., B,v is the solution of the problem (G,;~ov). Hence,
we can see from Proposition 2.1 that B,v can be extended into {2 such that
it is the solution of the problem (G;~ov). This implies that by Assumption 1
we have B,v € H?*(Q,) (see [59], [60]). Therefore, applying the closed graph
theorem, we obtain (2.25).

From (2.24), (2.25), (H'), and Proposition 2.3, we have

|1BMv — Bl
< CcAlIBr = BM |l lIvlle + CCLRI Byl v, 2o vl }
< Ce {Cs( A1)~ + CeCLh|| Bl vy, 2,y § 0]l

This implies (2.23). N

2.5 Proof of the main theorems

In this section, we prove the theorems described in Section 2.3.
We first note that as a consequence of Propositions 2.3 and 2.4, we get
the following proposition.

PROPOSITION 2.5 For each s > 0, we have
1B, = B} [|1vy < Cs(Aars1) ™ + Ch,

where Cy and C' are constants independent of M and h. 1

37



To get estimates for the rate of convergence of eigenvalues and eigenvec-
tors of BM" to those of B,, we use Lemmas 2.4, and 2.5, which are obtained
by specializing Theorems 7.1, and 7.3, of Babuska and Osborn [4] to our case,
respectively. For U and W closed subspaces of V,., we define the gap between
U and W,

A

o(U, W) = max(6(U, W), 6(W, U)),
where
(U, W) = sup dist(u, W).
uelU
flulle=1
Let 31, B2, ... be the positive eigenvalues of B, ordered by decreasing mag-
nitude taking account of multiplicities. Let 81", 33" ... B3 be the pos-
itive eigenvalues of BM" ordered by decreasing magnitude taking account of
multiplicities. Then we have §; = 1/o; (j = 1,2, ...) and ﬁ]Mh = 1/045-‘/”’
(j=1,2,..., N"). Let V,(i) be the space of eigenvectors of B, correspond-

ing to the ith distinct positive eigenvalue (3;,. Then, from Proposition 2.1,
we see V(i) ={v, =v|q, €V, |ve V(i)}.

LEMMA 2.4 (Babuska and Osborn) There is a constant C' such that for
sufficiently large integer M and for sufficiently small h € (0, hy],

O(Vi(i), VM'(i)) < C|| By = BM |l v, i)
where C' is independent of M and h. W

LEMMA 2.5 (Babuska and Osborn) Let uy, ..., u, be any orthonormal
basis for V(i) with respect to t(-,-). Then there is a constant C' such that for
sufficiently large integer M and for sufficiently small h € (0, hy],

(2:26)|8, — Be syl

< c{ Z [t((By = By, )|

I,m=1

+1B, = B v iy, v 1By — (Byh)*HL(vr(zwr)}

(.7:]-7 27 R Qz)a

where C' is independent of M and h, and (BM")* is the adjoint operator of
BM" on V, with respect to the inner product t(-, -). M
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In addition, to prove Theorem 2.1, we quote Proposition 4.1 of Fu [3§],
and Lemma 3.4 of Bramble and Osborn [14], as Lemmas 2.6, and 2.7, respec-
tively, and note Remark 2.3.

LEMMA 2.6 (Fu) Let E be an inner product space, and let ey, eq, ..., €n
be mutually orthonormal in E. Suppose fi, fa, ..., fmn are elements of K
satisfying

dSlfi—el <1,

j=1
where || - || denotes the norm of E. Then {f1, fa, ..., fm} forms a linearly

independent set. N

LEMMA 2.7 (Bramble and Osborn) Let E be an inner product space with

inner product (-,-) and norm || -||. Let m be a positive integer. There is a
constant C,, such that for fi, fa, ..., fimn any linearly independent set in E
and g1, g2, ..., gm the corresponding Gram-Schmidt orthonormalization, we
have

max | f; —g;ll < Cp max [(fj, fr) — 0] W

1<j<m 1<j,k<m
REMARK 2.3 Let u be an eigenvector of (I1). Then, by Lemma 2.1, we have
a(u, v) = t(u, v)

for allv € HY(Q). In addition, let u™" be an eigenvector of (IIM"), and let
uM" be the approzimate eigenvector in Q0 defined by (2.9). Then, by Lemma
2.1, we also have

a, (WM v) + ag(u”) v) = M (uM" V)

for allv e HY(Q).

Proof of Theorem 2.1. Let uy, us, ..., u, be any basis for V(i) such that

a(ug, Upm) = Opm.
Step 1. In this step, we show that there exists a basis u, 1", ', ..., u}"

for VM (i) such that ¢ (u)}", ull) = 6, and

(2.27) |u; — u%h\l,gr <CMF*+Ch (I1=1,2,...,q),
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where C; and C' are constants independent of M and h.
According to Remark 2.3, we have

t(ula um) = G(Ul, um) = 5lm-

Let EMh .V, — VMh(j) be the orthogonal projection with respect to
tM(-,+), and let oMt = EMMy (1=1,2, ..., ).
Step 1.1. For each s > 0, we have

(228) ||ul - UlJVIthM < Cél)()‘M-‘rl)_s + 0(2)h (l - 17 27 sy QZ)
Indeed, we have

o= e < int o= " < S0 V0.

and hence, by Lemma 2.4, we have
lur = 0"l < CIB, = B [[wvnay, vy-

From this inequality and Proposition 2.5, we get (2.28).
Step 1.2. From (2.14) and (2.28), if M is sufficiently large and if h is
sufficiently small, then we have

qi
Z g — MR, < 1.
=1

Then Lemma 2.6 implies that vM" (I = 1,2, ..., ¢;) are mutually linearly
independent.
Step 1.3. Let {u%h ;1;1 be the Gram-Schmidt orthonormalization of

{vpMh 31 with respect to t*(-,-). Then we show

2
(2.29) [Jo}"™ = wie < C® max lur — 0"l + max {r* (u)}

1<i<q;
In fact, it follows from (2.14) and Lemma 2.7 that for [ =1, 2, ..., g,
(230) [l = Pl < CcCy mvs (1ol ") = .
S0, M4y

In addition, since t(u;, ty,) = O,

@BV M, 04— Gl = [ (0] W) — t(, )
- |tM(UlN[h7 um) - tM(ula um) - TM(uly um)|
< o™ =l A M () ().
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Combining (2.30) and (2.31), we get (2.29).
Step 1.4. From (2.29), we have, for [ = 1,2, ..., g,
(2:32)lw — g™l < = o™ e+ [l =y

< (3) _ Mh (3) M 2
< (C +1)1I£12};Hul v+ C lréllaé};{?” (ul)}

By Proposition 2.2, we have, for each s > 0,

(2.33) rM(w) < A1) Iall vy, pastreplwlle (E=1,2, ..., g).
From (2.32), (2.28), and (2.33), we see that (2.27) holds good.

Step 2. Let ulll", uli, ..., uli! be the approximate eigenvectors on €,

defined by (2.9). In this step, we show that there exist constants Cs and C'
independent of M and A such that

(2.34) |u; — ug‘ﬁhh,ﬂs <CM>*+Ch (1=1,2,..., q).

By Lemmas 2.1 and 2.2, we have, for [ =1, 2, ..., ¢;,

M o0
2 z :
‘Ul - Ué\j[lh %,Qs = E An }(’Va(ul - u%h>7 Cn)’ + An ’(’yaul’ Cn)’2
n=1

n=M+1

< Clu—ul + M ()2

h’2
1,9,
Hence we see from (2.33) that for every s > 0,
2 —2s
(2.35) |u, — u%h 20, < Cluy — u%h fot (Aare1) ™2 H%Hi(vr(i),D(AS“/Q))'
From (2.35) and (2.27), we obtain (2.34).
Step 3. It follows from (2.27) and (2.34) that (2.10) holds good. W

We can also prove Theorem 2.2 in a similar fashion, and here omit its
proof, which is described in [93].

Proof of Theorem 2.3. We prove Theorem 2.3 by using Lemma 2.5. Let
Uy, Usg, ..., Uy be any basis for V. (i) such that t(u;, um) = -

Step 1. In this step, we show that we can estimate the first term on the
right-hand side of (2.26) as follows:

(2.36) Z 1t((B, — BM"uy, u,y,)|

I,m=1

S C(l)HP)/aHi(VT(Z‘)7D(AS+1/2))(AM+1>728 + C(Q)HB;“W - Bth%(Vr)
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for every s > 0. To show (2.36), we first note that we have

2373 (B, — B, )

I,m=1

< 3 (B, = B u)] + (B = B, )]}

I,m=1

Step 1.1. We show that for each s > 0 and for every [, m =1, 2, ..., ¢,
we have

(2:38) [t((By — B i, wn)| < OO yallf v, ), piassivey Aars) ™™
In fact, by (2.16), we have

(2.39) t((B; — B} ur, um) = Bt (I — QY )ur, ).

Noting that

(T~ Q") w)
= (= QM (T~ QM) + (T~ QM) u),

we see from (2.17) and (2.19) that
(2.40)((I — Q™) wy, wnm)

17 = @ urlloas 1(T = Q™ )umalons + 11 (i, )|

<
< (@ + 1) (w)r (um),

where C™ is the constant introduced in (2.19). Hence, from (2.39), (2.40),
and (2.33), we get (2.38).
Step 1.2. For every [, m =1, 2, ..., ¢;, we have

1
(241) (B = B, wn)] < 5B = B i,

k3
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The reason for this inequality is the following. By (2.22) and (2.16), we have

t(BM — By, uy) = t((I — PMMYBMy, uy,)
1

= - PY") By, Byuy,)

N %tM(([ — P B, QY Brun,)

= étM((] — P BMuy, (I — PY") B u,,)
< B = B,

Step 1.3. From (2.37), (2.38), and (2.41), we obtain (2.36).
Step 2. We can estimate the second term on the right-hand side of (2.26)
as follows:

(2.42)[| B, — BY™"| vy, vl Br = (BM™)* |l Lviciy, v
< By = B[l (Br = BY) |l vy
= |IB, — B3 .)-

Step 3. From (2.26), (2.36), and (2.42), it follows that
|, — ﬁl]c\ﬁjfl
< C(l)HVGH%(VT(i),D(AS+1/2))()‘M+1>728 + C(Q)HBf«w - Bth%(VT)
+CO|B, — Bth%(VT)

for j = 1,2,...,¢q. Hence, using Propositions 2.4 and 2.5, we have the
validity of (2.11). H
2.6 Numerical results

To carry out numerical experiments, we chose a water region ) and a water
surface I'y as follows:

Q:{($1,$2)| —2<x <3, —2<ZI72<0}\S
and

FOZ{(.CI?l,O)‘ —2< 1z <0, O<3§'1<3},
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where S = {(0, x3) | —1 < x5 <0}, and (21, z3) are appropriate Cartesian
coordinates (see Fig. 2.5). We seek approximate eigenvalues and approxi-
mate eigenvectors of (IT) by two different methods: the DtN method and a
standard finite element method using piecewise linear continuous functions.
Then we observe the rates of convergence for the approximate solutions ob-
tained by each method. Our calculations were executed by using FORTRAN
77 on a HP 9000 with double precision arithmetic.

X,

20 Lo oo (3,0)

S A
©,-1 £

(22 T G2 !
1
Figure 2.5: The region of the water at rest.

2.6.1 Rates of convergence for the standard finite ele-
ment method

When we try to measure the rate of convergence, we can not calculate the
errors between the exact solutions and their approximate solutions since we
can not analytically know the exact solutions of (II). Hence we measure the
rate of convergence by the following method.

Let us choose triangulations 7;, with h = h/27 (j = 0, 1,2, ...) such
that for each h = h/27 (j = 0, 1, 2, ...), the triangulation T2 is obtained
by subdividing each triangle of 7} into the four congruent triangles. Let
{an, up} be an approximate eigenpair associated with the triangulation 7j,.
Then, we choose uy, such that |us|io = 1 and lim,, 4o up(z1, 0) > 0. We
substitute the following value:

€p = \Oéh - Oéh/2\
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for the error between the approximate eigenvalue o, and the exact eigenvalue.
We likewise calculate

€h = \uh - uh/2’1,ﬂ

as a substitute for the error of the approximate eigenvector. This method of
measurement is based on the study of Kurata and Ushijima [96], where they
discussed the adequacy of this method.

We adopted the triangulation shown in Fig. 2.6 as an initial triangula-
tion 7;. Rates of convergence for approximate eigenvalues, and approximate
eigenvectors, are shown in Figs. 6, and 7, respectively. The lines in those
figures are the graphs of the linear functions y = px+ ¢ which are least square
approximations to the data of the errors e, and the mesh lengths A which are
plotted in log-log scale. In the figures, m denotes a modal number, and the
gradient p of each line is written in parentheses. These figures show that for
m = 1, 2, the rates of convergence for the approximate solutions are slower
than those expected in the case when the domain is a convex polygon. This
result suggests that the eigenvectors of the first and second modes do not
belong to H%().

Figure 2.6: A triangulation of the water region.
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2.6.2 Rates of convergence for the DtIN finite element
method

In practical computations, we approximate the artificial boundary by using a
polygonal line since the artificial boundary is a circular arc. We consider the
polygonal line I'¥ which consists of K equal line segments. Let Qg denote the
polygonal domain bounded by I'% and 99, \ T',. The domain 0 K 1s divided
into triangles. Then, assume that every nodal point on I'X is a vertex of T'K
(see Fig. 2.9). We seek approximate solutions by a finite element method
using piecewise linear continuous functions.

By the same method as was mentioned in the previous subsection, we
measure rates of convergence for the DtN method. Then we need to pay
attention to the subdivision of triangles having two vertices on I',. Let by,
by, and by be the vertices of such a triangle. We subdivide the triangle byb, by
into the four triangles shown in Fig. 2.11, where the point 0} is the midpoint

of the circular arc byby, and the points b)), and b, are the midpoints of the
line segments byby, and byby, respectively.

We adopted the triangulation shown in Fig. 2.9 as an initial triangulation.
When computing the bilinear form [, we chose M such that M = K, where
K is the number of the division of the artificial boundary. As substitutes for
errors between exact solutions and their approximate solutions, we calculate
the following values:

~ ~ /
o3 — |, {Iud — w2, +1a3 — a0}

where {a!, u}!} is an approximate eigenpair associated with a triangulation

of Qg , and

M K+1

M T\ :
g (r, 0) Z(Z ut? (b )85, n) <a> Cn(0) in Qg
n=0 j=1
where b; (j =1, 2, ..., K 4+ 1) denote the nodal points on I',, and ¢; (j =
1,2, ..., K+ 1) are piecewise linear continuous functions on I', satisfying

$j(br) = ;. Then we choose u% such that

’~M 2 }1/2 and lim U%(l’l, 0) > 0.

(it + Tim

Rates of convergence for approximate eigenvalues, and approximate eigen-
vectors, are shown in Figs. 10, and 11, respectively. Comparing these figures
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with Figs. 6 and 7, we see that for m= 1, 2, the rate of convergence for
the DtN method is better than that for the standard finite element method.
When M~ is proportional to the mesh length A, (2.11) with s = 2 predicts
that the rate of convergence for the approximate eigenvalue is h?, and (2.10)
with s = 1 predicts that the rate of convergence for the approximate eigen-
vector in the energy norm is h'. The numerical results are consistent with
our theoretical results, although in our theoretical analysis, we do not take
account of the effect of the approximation of the artificial boundary. The
numerical results suggest that the approximation of the artificial boundary
mentioned above does not deteriorate the rates of convergence in comparison
with those stated in our theorems. However it has not been theoretically
analyzed yet.

2.7 Conclusions

We have applied the DtN finite element method to the eigenvalue problem
of the linear water wave (the sloshing problem) in a water region with a
reentrant corner. We have established error estimates for approximate eigen-
values and eigenvectors which imply that the DtN finite element method
improves the rates of convergence which deteriorate due to the corner singu-
larity. Such an improvement was observed the numerical examples in Section
2.6.

We can also apply the DtN finite element method to the water wave
radiation problem. This topic is investigated in Lenoir-Tounsi [99] for two
dimensional case, and in Seto [117] for three dimensional case. Lenoir-Tounsi
[99] have derived an error estimate including the truncation error as well as
the discretization error. For the three dimensional problem, such an error
estimate is yet to be established.
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Figure 2.7: Convergence behaviors of eigenvalues obtained by the standard
finite element method.
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Figure 2.8: Convergence behaviors of eigenvectors obtained by the standard
finite element method.
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Figure 2.9: The polygonal domain Qx (K = 16) and its triangulation.

Figure 2.10: Subdivision of a triangle near the artificial boundary.
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Figure 2.11: Convergence behaviors of eigenvalues obtained by the DtN finite
element method.
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Figure 2.12: Convergence behaviors of eigenvectors obtained by the DtN
finite element method.
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Part 11

The Exterior Helmholtz
Problem
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Chapter 3

The DtN Finite Element
Method

3.1 The exterior Helmholtz problem

We consider the exterior Helmholtz problem:

(3.1)
—Au—kKu = f inQ,
u = 0 on-,
hril r o2 (8_ — 1ku) = 0 (the outgoing radiation condition),
r—s—400 r

where the wave number k is a positive constant, €2 is an unbounded domain
of R? (d = 2 or 3) with sufficiently smooth boundary v, f is a given datum,
r = |z| for x € R? and i = /—1. Assume that O = R?\ Q is a bounded
open set and that f has a compact support.

We first introduce a theorem concerning the well-posedness of problem
(3.1).

THEOREM 3.1 For every compactly supported f € L*(Q2), problem (3.1) has

a unique solution in HZ (), where

H”.(Q) ={u|uwe H™(B) for all bounded open set B C Q} (m € N).

Proof. See [112, 115]. W
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3.2 The DtN formulation

To reduce the computational domain to a bounded domain, we introduce an
artificial boundary T’y = {z € R? | |z| = a}, where a is a positive number
such that O Usupp f C B, = {r € R? | |z| < a}. Then the bounded
computational domain is defined by Q, = QN B, (see Fig. 3.1), and further
the reduced problem is as follows:

—Au—Ku = f in €2,

u = 0 on 7,

(3.2) o
n —Su  on Iy,

n

where n is the unit normal vector on I',, toward infinity, and § is the DtN
operator corresponding to the outgoing radiation condition. The boundary
condition imposed on T, of (3.2) is called the exact DtN boundary condition.
The DtN operator S is defined as follows: for every Dirichlet datum ¢ on T,

Figure 3.1: Artificial boundary I', and computational domain €2,.

Sy (Neumann datum),

- on,

Ta

where n. is the unit normal vector on I'y, toward the origin, and u,. is the
solution to the following problem:

—Au, — Ku, 0 in R4\ B,
U = @ onlly,

g 7 (G k) = 0
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We present an analytical representation of the DtN operator. Using an
analytical representation of u, by separation of variables, we can write down
the DtN operator S as follows. In the two-dimensional case,

= HY (ka)
(33) Se(0) = > —km%yn(e),

n=—oo

where 6 denotes the angular variable of an (r, #) polar coordinate system,

aY are the cylindrical Hankel functions of the first kind of order n, the
prime on Hr(ll) denotes differentiation with respect to the argument, Y,, are
the circular harmonics defined by

ein9

V2r

and ¢,, are the Fourier coefficients defined by

Y, (0) =

(3.4) o — /0 T O b,

In the three-dimensional case,
o~ A (ka
se0.0) =3 3 KDy g,
a

where 6, ¢ denote the angular variables of an (r, 6, ¢) spherical coordinate

system, h%l) are the spherical Hankel functions of the first kind of order n,
Y, are the spherical harmonics defined by

17000 = [P g

where P are the associated Legendre functions, and ¢]' are the Fourier
coefficients defined by

(3.5) pnt = / d¢ / Ym(0, ¢)sin 6 df.
Now we define the Sobolev space H*(I',) (s > 0) by
H* (o) = {p € L*(Ta) | l#llsr, < oo},
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where || - ||s.r, is the norm of H*(I',) defined by

a Z (14 n*)|p,|? if d=2,

n=—oo

&ZZ Vem?? if d=3.

n=0 m=—n

lellzr, =

We here note that the DtN operator S is a bounded linear operator from
HY?(T,) into H=Y2(T,) (see [105]), where H~Y/2(T,) is the set of all bounded
semilinear forms on H'/?(T,).

To formulate a weak form of problem (3.2), we introduce the following
sesquilinear forms:

a(u, v) = / (Vu- VO — k*uv) dx + s(u, v)  for u, ve H'(Q,),

a

(3.6) s(u, v) = <Su V) H=1/2(T' ) % H/2(T'y)

— 5&&@% Yo, g
nE;} (ka) n(a)vn(a) f d=2,
ZZ—’w )) ma)vp(a) if  d=3,

where u,(a) and u"(a) are the Fourier coefficients of u|p, defined by (3.4)
and (3.5), respectively. Then a weak form of (3.2) is written as follows: find
u € V such that

(3.7) a(u, v) = (f, v)
for all v € V', where
V. = {veH Q) |v=0 on 7},
(u, v) = /Q wvdr  for u, v € L*(Q,).

For every f € L*(€,), problem (3.7) has a unique solution which is the
restriction to €2, of the solution of problem (3.1) (see [105, 74, 81]).
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3.3 The DtN finite element method and its
error estimates

We discretize problem (3.7) by using the finite element method to obtain
approximate solutions to problem (3.7) (or (3.1)). We introduce a family
{Vi,| h € (0, h]} of finite dimensional subspaces of V, and assume that this
family satisfies the following condition: there exist an integer p > 2 and a
constant C' > 0 such that for all 0 < h < h and for every v € V N HY (Q,)

2<p <p),
(38) }1lnf Hu - UhHLQa S Chpl_l”“”p/vﬂa,’
vheVy

where C' is independent of h and u. For examples of such a family, see
21, 144].

Now since the sesquilinear form s involves the infinite series, we have to
truncate it in practice. So we practically solve the following problem: find
up € Vj, such that
(3.9) a™(up, vp) = (f, vn) for all v, € Vi,

where, for N € N,
a¥(u, v) = / (Vu - VU — kK*uv) do+ s (u, v)  for u, v e H'(Q,),

a

1)'
> k‘aH(l (ka) U (@)vn(a) it d=2,

[n|<N )

” — 7l<ka)umam 1 =
\%m_zn "k m(a)yom(a) if d=3.

THEOREM 3.2 Let k be an arbitrary positive number and f an arbitrary
function of L*(Q) with compact support. Assume that O Usupp f C By,
(ap < a). Let u be the solution of problem (3.1). Assume that there exists
an integer | > 2 such that u € Hl(Qa). Then there exist a o > 0 such that
for every (h, N) € (0, h] x N satisfying h + N~1 < vy, problem (3.9) has a

unique solution uly , and moreover, if d = 2, then we have

(3.10)[w — uy |10,

sN(

u, v) =

H) (ka)

- (’”” Yl + N2 2
HN (kao)
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311 fu—uloo.
HY (ka)

S C(h—f-N_l) hm_lHuHm,ﬂa +N—s+1/2
H (kay)

RN(ua S, CL())) )

where m = min{p, I}, s is an arbitrary real number > 1/2,

2

(3.12) RN (u; s, ag) = | ao Z n*up(ag)* |

In|>N

and positive constants vy and C' depend on k, ag, and €2, but are independent
of h, N, s, f, u, and uly. If d =3, then (5.10) and (3.11) hold by replacing
HY by by, and (3.12) by

" 2
RN(u; s, ag) = (ag Z Z an\unm(ao)]2> .
n>N m=—n

Before starting to prove Theorem 3.2, we introduce the following inequal-
ities associated with the trace theorem:

(3.13) [[v[lm-1/2r. < Clv||lme, forallve H™(Q,) (m=1,2),

where C' is a positive constant depending on €2,, but independent of v, and
the following sesquilinear form on H'(€,):

( (1)
Hy' (k —
Z —ka%a)un(a)vn(a) if d=2,
[n|>N Hy' (ka)

& R (k —
Z Z —ka2#unm(a)vg”(a) if d=3.
hy (ka)

\ n>Nm=-n

Note here that we have
s(u, v) = s (u, v) +r™(u, v) for u, ve H' (Q).

Proof. 'We prove only in the case when d = 2, because the proof of the case
when d = 3 is exactly same.
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We first assume that problem (3.9) has a solution wuj . We postpone
proving the well-posedness of problem (3.9) until completion of the derivation
of (3. 10) and (3. 11)

Set el =u — uj. Then we have

(3.14) a™ (e, vp) +r™(u, vy) =0
for all v, € V},. Note the following identical equation:
led'lli . = a™(er’, en) + (8 + Dller 5.0, — ™ (er, en)-
Taking the real part of this identity, we can get
len' i o, = Re{a™ (e}’ ex)} + (B + Dlley 50, — Re {s™(ef, ed)}-
By virtue of Lemma A.1, we have
(3.15) ||€h ||IQ < Re {a €h7 eh } + k'2 + 1)“% Ho Qa

Step 1. We show that for an arbitrary € > 0, there exists a positive
constant Cj(g) such that

(3.16)  la™(ey’, )

< 5“‘% H1 Qa

2
HY (ka)

+03(€) h2m72HuH$n 4+ N728+1
A H](\}) kao)

[RN(U; S, (lo)]2 )

where s is an arbitrary number > 1/2 and C3(¢) depends on k, ag, and €,
but is independent of h, N, s, u, and uj, . By (3.14), we have, for all v, € V},,

a(ey, en) = a(ey, u—wvn)+r"(u, uy — )
(

- a N( N)

en s u—vp) + 1 (u, u—vy) — N (u, ep).

Thus, by using the trigonometric inequality, the Schwarz inequality, Lemma
A.6, and the trace inequality (3.13), we get

(B17)a™ (er’s el < len [1g.lu = vnlio, + K2lley oo lu — vallo,

+C(k, a)lley ljzr, lu = vallijr,

Hr (u, = o) |+ 1 (u, ey))]

Clk, Qa)lley o llu = vnllia,

Hr (u, w =) [+ | (u, ).

IN
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Let us estimate the second term on the right-hand side of (3.17). Since
O Usupp f C B,,, the solution u can be analytically represented as follows:

g0 (g -
u(r, 0)= %un(ao)lfn(ﬁ) on R\ B

n=—oo

This implies

B HT(Ll)(lm)
u,(a) = mun(%)

for all n € Z. Moreover, we can see from the usual regularity argument that
ulr,, € H*(I'y,) for all s > 0. Thus, by the trigonometric inequality, Lemmas
A.6 and A.7, the Schwarz inequality, and the trace inequality (3.13), we have,
for every s > 1/2,

(3.18) 7™ (u, u — vy,)|

HY (ka)
< ka————=1 |u,(a)||(w — vp)n(a
< n% ey | (@1 = 000
s ka HY' (ka) H(1 (ka) s
= ey | |0 gy | e =)o)
In|>N 0
HY (ka
< C(k, a, ag) N~=T/2 (Nl)i() N(u; s, ao)lu—vnll1y2r,
HN (kao)
Hy' (ka)

S C(ka a07 QG)N78+1/2 RN(u7 87 0’0>Hu - UhHLQa7

HY (kay)

where (u — vp,),(a) are the Fourier coefficients of u — vj,. In exactly the
same way, we can estimate the third term on the right-hand side of (3.17) as
follows:

HY (ka)

3.19) [rN(u, eM)| < C(k, ag, Q) N~5H1/2
(3.19) [r™(u, )] < C(k, ao, ) HO (k)

R (u; s, ao)ley ||1.0.-
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Combining (3.17), (3.18), (3.19), and (3.8) leads to

a™(ex’s en )l < Clk, ao, Q) |7 ey o llwllmg.

HY (k
+hm71N75+1/2 #(kaa)) RN(U; s, aO)HUHm,ﬂa
N 0
Hy D (kq
TN 40 (( )> et 0, BN (us s, GO)] .

Applying the arithmetic-geometric mean inequality to each term on the right-
hand side of the above inequality, we obtain (3.16).
Step 2. We show that there exists a positive constant C such that

(3:20)llex o, < Ci

(h+ N"Hllex ..

H (ka)

(hN S+1/2+N_S 1/2)
H (kay)

RN(ua S, aO)] ;

where s is an arbitrary number > 1 / 2 and C4 depends on k, ag, and €2,, but
is independent of h, N, s, u, and uj . Suppose that w € V satisfies

(3.21) a(v, w) = (v, e})

for all v € V. Then w is the incoming solution, that is, w is the restriction
to €2, of the solution of problem (3.1) where the outgoing radiation condition
is replaced by the incoming radiation condition:

lim r% (6_ +1ku) =0
r——-+00 or

and f = e. Note here that the sesquilinear form s corresponding to the

incoming radiation condition is represented by replacing H by H (the
Hankel function of the second kind) in (3.6). Since Theorem 3.1 also holds
for the incoming problem, we have w € H?*(Q,) and the following a priori
estimate:

(3.22) fwllzq, < Clley o,
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where C' is a positive constant independent of e). Taking v = e} in (3.21),
we obtain

(3.23) llen [I5.0, = alen’, w) = a™(ey’, w) + 17 (ey, w).
Subtracting (3.14) from (3.23) gives
len 60, = a™(en’, w—vn)+r"(ey’, w) —r™(u, va)
= a" (e, w—wp)+r(ey, w) +r(u, w—vp) — ™ (u, w).
Employing the argument leading to (3.17), we can get
(324)ley 50, < Ok, Qu)llw = vallouller 1.
+Hren s w)l + [ (u, w = vw)| + [ (u, w)).

Employing an argument similar to the one used in (3.18), we can estimate

the last three terms on the right-hand side of (3.24) as follows:
(3.25)[r" (e, w)] < C(k, )N~ ey l1jar, [wlls/r,

<
< Clk, Q)N ey g w2,

(3.26)|r™ (u, w — vy)|

HWY ka
< C(k, ay, Qa)N_SH/2 % RN(u; s, ap)|lw — vall1,00s
HN (I{JCL())
H(l)(kf@) N
(3.27)]7“N(u, w)| < C(k, a, ao)]\f’s’l/2 (11[)7 R™ (u; s, ag)||w||s/2,r,
HN (k&o)
g0k
< C(k, ao, Qa)N’S’l/2 % RN(u; s, ap)||w||2,0,-
HN (kao)
Collecting (3.24)—(3.27) yields
HehNHg,Qa S C(ka Qo, Qa)
HY (ka)

{ l“eile,na 4 N2

R™(u; 5, ag) | [lw — vall10,
HJ(\})(]{}CL())

HY (ka)

N el + N2
" 7 H](\})(kao)

+

R (u; s, @0)] Hw||2,ﬂa} :
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Using (3.8) and (3.22), we get
HehNH(Q),Qa S O(k7 Qo, Qa)
(1)
Hy'(k
{ [H@Ml,ﬂa + N %@)
HN (k&o)
Hy'(ka)
HY (kao)
and further dividing by ||e) ||o.0., We obtain (3.20).
Step 3. Let us collect the results above to get (3.10) and (3.11).

Squaring both sides of (3.20) and using arithmetic-geometric mean in-
equality, we have

(3.28)en 1160,

RY(u; s, ao)] hlley llo.g.

Ve g, + N2

R (u; s, &o)] HeivHo,na} :

< QCZ{(h +N e i q,

2

W (ka 2
xR | 1N (s s, ay)]

+(hN_S+1/2 +N—s—1/2)2 1
HY (kay)

Combining (3.15), (3.16), and (3.28), we get

leN 20, < elleNliq,
2
HY (ka)

+C3(e) § P2 lullf, g, + N7
o HY (ka)

(RN (u; s, a0)]’

+o5{<h+w—1>2||em|iga

2
HY (ka)

+(hN_S+1/2+N_S_1/2)2 [RN(U; s, CL())]Q 7

H](;)(k‘ao)
where Cs = 2(k* + 1)C%. This implies
{1-e=GCs(h+ N7} ley' I e,
HY (ka) |

< Cole) | B2 ful? g, + N72H (RN (u; 5, a)]” | ,

HJ(\}) (kao)
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where Cg(g) = C3() + (h + 1)2, and further, by taking ¢ = 1/2,

1
{3 - it N2} e R,

2
HY (ka)

S 07 h2m—2HuH$n + N—2s+1
A HJ(\}) (I{JCL())

(RN (u; 5, a0)]” |

where C7 = C4(1/2). For every {h, N} € (0, h] x N satisfying

1 1

——C5(h+ NH2> -
which is equivalent to
1 1

h + N < = Yo,

we have (3.10). Further, from (3.20) and (3.10), we can derive (3.11).

Step 4. We finally show the well-posedness of problem (3.9). For this
purpose, it is sufficient to prove uniqueness of the solution of problem (3.9)
since V}, is finite dimensional. Thus, assume now that u} € Vj, is a solution
of problem (3.9) with f = 0. Since the solution u of problem (3.7) with f =0
is identically zero, it follows from (3.10) (or (3.11)) that u) = 0. Therefore
we can conclude that problem (3.9) is well-posed when h+ N~! <~,. W

REMARK 3.1 Since we have, for each x > 0,

H (2) ~ —i\/WZN (%)N (N — +00)

(see [1]), we obtain

HJ(;)(/m) ag\ N
(3.29) |m ~ <;> (N — +00).
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Figure 3.2: (ag/a)V and |H\(ka)/H\ (kay)| for k = 10, 20, 30, 40, when
a = 1.0 and ag = 0.5.

3.4 Conclusions

Error estimates of the DtN finite element method applied to the exterior
Helmholtz problem have been established in the H'- and L?-norms. The er-
ror estimates include the effect of truncation of the DtN boundary condition
as well as that of the finite element discretization. To get a sharp estimate
of the error caused by the truncation, we have proved a new property of the
Hankel functions in Lemma A.7. The error estimate (3.10) and the asymp-
totic behaviour (3.29) imply that, for sufficiently large NN, the truncation
error in the H'-norm exponentially decreases as N increases. Further Fig.
3.2 suggests that we must take many terms in the truncated DtN bound-
ary condition for large wave number k. Such a tendency is observed in the
numerical examples of Grote-Keller [63].

We finally remark that analogous error estimates can also be established
when the modified DtN boundary condition proposed in [63] is employed.
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Chapter 4

The Controllability Method

4.1 An exact controllability problem

To numerically solve problem (3.7), we consider to use the controllability
method. In this chapter, we rewrite problem (3.7) as follows: find U € V
such that

(4.1) a(U, v) — K*(U, v) + s(U, v) = (F, v)
for all v € V, where F' € L?*(£,),

a(u, v) = /Vu-V@dx for u, v € H' (),

(u, v) = / wvdr  for u, v € L*(Q),
Qq
s(u, v) = (Su, V) g2z, foru, ve HY(Qy).

In the controllability method, we capture the solution to problem (4.1) as
a solution to the following exact controllability problem: find w = {ug, u;} €
E such that there exists a function u : [0, T| — H'(,) satisfying

(OPu—Au = F(z)e ™ in Q, x (0, T),
u = 0 on vy x (0, T,
ou  Ou
4.2 a2 — _Su—3
(4.2) 7 + BT Su — iku on I'y x (0, T,
u(z, 0) = wup(x), Owu(r,0)=mui(x) in Qg
L u(ze, T) = w(z), u(x, T)=u(z) inQ,
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where T'= 27 /k and E = V x L*(Q,) with V = {u € H(Q,) | u=0 on ~}.
We here remark that imposing the boundary condition:

Ju Ou _
(4.3) n + i —Su —iku

on I', in problem (4.2) is our idea for getting the solution to problem (4.1)
by using the controllability method.

4.2 Discussion of the uniqueness for problem
(4.2)

We first describe the well-posedness of the wave equation with the DtN
boundary condition:

(Pu—Au = F(x)e ® in Q, x (0, 00),
u = 0 on 7y x (0, c0),
ou  Ou
4.4 4 = _Su—i
(4.4) 7 + BT Su—iku on I, x (0, c0),
u(z, 0) = wup(x) in Qg
L Qu(x, 0) = wuy(x) in Q.

Our analysis relies on the semigroup theory. So we transform problem (4.4)
to a system of first order. We define a linear operator A : D(A)(C E) — FE
as follows:

D(A) = {U = {uo, w1} € (H2(Qa) N V) x V| % +up = —Sug — tkug on Fa}
and

Au = {Ul, AUO}
for every uw = {ug, u1} € D(A). Problem (4.4) can be written as follows:
Ty~ Aa(t) + Fe  forte (0
sy { O = A0 P ot (0, )
u(0) = wu,

where u(t) = {u(t), dwu(t)}, F = {0, F} and u = {ug, u;}.
We have the following theorem concerning the well-posedness:
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THEOREM 4.1 The linear operator A is the infinitesimal generator of a
semigroup of class Cy.

We can prove this theorem, following an idea of Tkawa [82]. Its proof will be
described in Appendix B.

We denote by e** the semigroup generated by A. Then, by Duhamel’s
principle, the generalized solution of (4.5) can be written as follows: for every
u e kb,

t
(4.6) a(t) = u +/ et ARe=tks s,
0
Now we can write problem (4.2) as a system of first order: find u € F
such that there exists a function @ : [0, T] — F satisfying
du ,
—‘t"(t) = Aa(t) + Fe ¥ in (0, T),
u(T) = u.

Since the solution to problem (4.5) can be written as (4.6), we can see that
the uniqueness of the solution to problem (4.7) is equivalent to the condition
that €™ — I : E — E is one-to-one, where I is the identity operator. A
sufficient condition for this condition is: for every w = {ug, u1} € E,

(4.8) lim e ul|z = 0

with

1/2
fule = (] (19wl + P} do)
Qa

that is, the energy in (), converges to zero as time tends to infinity. We
expect (4.8) to be true; however, it has not been proved yet.

4.3 Uniqueness of the solution to semi-discrete
problems of problem (4.2)

In this section, we discuss the uniqueness of the solution to a semi-discrete
problem of problem (4.2). We introduce a family {V}, | h € (0, h]} of finite
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dimensional subspaces of V such that for all 0 < h < h and for every u €
VN H* ),

(49) mf Hu — vhHHl(Qa) S ChHuHHQ(Qa)a
v €VY

where C' is a positive constant independent of h and u. If d = 2, such a
family {V},|h € (0, h]} can be constructed by using the curved elements
due to Zldmal [144]. (Since v and I', are curvilinear boundaries, we need to
consider the curved elements.)

To derive a semi-discrete problem of (4.7), we first formulate a weak
problem of (4.2): find u = {ug, u1} € E such that there exists a function
w: [0, T] — V satistying

(OFu(t), w) + (Qru(t), w) + a(u(t), w) = (F, w)e ™
for all w € V' and for all ¢t € (0, T),
(4.10)
u(0) = ug, Ou(0) = uy,
w(T) = ug, Ou(T) = uy,

where

a(u, v) = alu, v) + s(u, v) +ik(u, v) for u, v € H(Qy),

(u, v) = / wvdy for u, v € L*(T,).
T

A semi-discrete problem of (4.10) associated with V}, is as follows: find u), =
{uno, un1} € Ey = Vi, xV}, such that there exists a function uy, : [0, T] — V},
satisfying

(OFun(t), wy) + (Opun(t), wp) + alup(t), wa) = (F, wy)e™ ™
for all wy, € V}, and for all t € (0, T,
(4.11)
up(0) = upg,  Oyup(0) = up,
uh(T) = Uhp0, 8tuh(T) = Up1-

To transform problem (4.11) to a system of first order, we define an operator
Ah . Vh e Vh by

(Apup, vy) = alup, vy)
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for all uy, vy, € Vj,, and an operator By, : V,, — V), by
(Brun, vn) = (un, vp)

for all uy,, v, € V},. Using these operators, we define an operator A, : E;, —
Ey by

B @) 1 Upo | uno
Ahuh—l_Ah —Bh:|th1:| fOI"U,h—|:uh1:|€Eh.

Besides, let F}, € V), be the orthogonal projection of F' to V}, with respect to
(-, -), and let F, = {0, F},}. Then we can rewrite problem (4.11) as follows:
find w;, € E}, such that there exists a function @y, : [0, T] — E}, satisfying

duy, ~ —ikt

—(t) = Apun(t) + Fre ™" in (0, T),
(4.12) 1t

uh(O) up,

'lNLh(T) = Up.

This is a semi-discrete problem of (4.7).

We here note that problem (4.12) has a solution if Vj, sufficiently ap-
proximates to V. This fact can be understood in the following way. Let us
consider a discrete problem of (4.1): find U, € V}, such that

(413) CL(Uh, Uh) — ]{JQ(U}L, Uh) + S(Uh,vh) = (F, Uh)

for all v, € V},. For the well-posedness of this problem, we have the following
theorem:

THEOREM 4.2 If the family {Vi,| h € (0, h]} satisfies (4.9), then there exists
an ho(k) € (0, h] depending on the wave number k such that for every 0 <
h < ho(k), problem (4.13) has a unique solution.

(For a proof of this theorem, see [105].) If U, € V}, is the solution to problem
(4.13), then wy, = {Uy, —ikU,} is a solution to problem (4.12). This fact can
be understood by the same argument as in the preceding section. Therefore
we can conclude that for every 0 < h < ho(k), problem (4.12) has a solution.

Now we give a necessary and sufficient condition for the uniqueness of the
solution to problem (4.12) in the following proposition.
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PROPOSITION 4.1 Problem (4.12) has a unique solution if and only if
(4.14) ikl ¢ o(Ap)  foralll € Z,

where o(Ay) is the set of all eigenvalues of the operator Ay,.

Proof. We can easily see that problem (4.12) has a unique solution if and
only if

(4.15) 1 ¢ o(e™n),

tAp

where e (t > 0) is the semigroup generated by A4,. By the spectral
mapping theorem, we have

(4.16) o(eTAr) = eToMAn),

where e74n) = [T € C | A € o(Ap)}. From (4.16) and the relation
T = 27 /k, it follows that (4.15) is equivalent to (4.14). W
We here pose one condition:

CONDITION 1 Let A = {(kl)? |l € N}. Let A be any number in A. If u, € Vj,
vanishes on T, and satisfies a(up, vy) = MNup, vy) for all v, € Vj, then
Up = 0.

THEOREM 4.3 Suppose d = 2. For any wave number k we fix a radius a
(> ap/k) of the artificial boundary, where o (= 0.088) is the unique positive
root of

Hg" ()| _
(4.17) Im{ 1) } = 2.

Assume that the family {Vi,|h € (0, h]} satisfies (4.9). Then, for every
h € (0, ho(k)], problem (4.12) has a unique solution if and only if Condition
1 holds, where ho(k) is the constant presented in Theorem 4.2.

Proof of Theorem 4.3.  As observed previously, problem (4.12) has a so-

lution for every h € (0, ho(k)]. So it is sufficient to show that for each
h € (0, ho(k)], Condition 1 is equivalent to (4.14).
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First we prove that Condition 1 implies (4.14). Suppose that (4.14) is
false. Then there exists an | € Z such that ikl € o(A;). This implies that
there exists a uy, (£ 0) € V}, such that

(4.18) Ahll%] :ikz[“h].

vp, vp,
Eliminating v, from the above identity, we can get for all w, € V},
(4.19) —(kD?(up, wp) +ikl{up, wy) +a(up, wp)+s(up, wy) +ik{uy, wy) = 0.
Taking wy, = uy, in (4.19), we obtain

—(k0)*(up, up) + ikl{up, up) + alup, up) + s(up, up) + ik{uy, ug) = 0.
The real part of this identity is:

, A 1Y (ka) )
(4.20) alun, un) — (ki) (un, up) — — > Re<{}§§76;5-}y<uh,ygﬂ =0,

n=—00
and the imaginary part is:

H
[+1—1Im _Héﬁﬁ |(up, Y) > = 0.
Hy' (ka)

o0

@2@53}2

n=—oo

We consider three cases.
Case 1: | < —1. By Lemma A.2 described in Appendix A, we have

V&
H&—m-7%ﬁ2<o for all n € Z,
Hy' (ka)

and hence, by (4.21), we have (uy, Y,) = 0 for all n € Z. This yields
(4.22) u, =0 onT,.

From (4.19) and (4.22), we have

(4.23) a(up, wy) = (k1)*(up, wy)  for all wy, € V.

From (4.22), (4.23) and Condition 1, we have uj;, = 0 on 2,. This contradicts
the assumption that uj, # 0. Therefore we can conclude that ikl ¢ o(Ay,).
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Case 2: [ =0. By (4.20), we obtain

s HY (ka) )
a(up, up) — — Re{d ———= up, Yn)|” = 0.
(un, un) =~ > {H}ll)(ka) [(un, Yn)l

n=—oo

From this identity, Lemma A.1 and the Poincaré inequality, we get u; = 0
on €, and hence 0 ¢ o(Ay).
Case 3: [ > 1. By Lemma A.2, we have

1) 1y
(424) [+1—1Im M >2—1Im M for alln € Z.
HY (ka) HV (ka)

From Lemma A.3, we can see that (4.17) has a unique positive root g and
that if a > og/k then

HY (ka)
(4.25) Im {m} <2.

Thanks to (4.24) and (4.25), we can show ikl ¢ o(.Aj,) by the same argument
as in Case 1.

Next we prove that (4.14) implies Condition 1. Suppose that Condition
1 is false. Then there exist an | € Z and a uy, € Vj, \ {0} satisfying (4.22)
and (4.23). We then have (4.18) with v, = (ikl)uy, and hence ikl € o(Ap,).
This contradicts (4.14). W

We have the following theorem in the three-dimensional case.

THEOREM 4.4 Suppose d = 3. Assume that the family {V;,|h € (0, h]}
satisfies (4.9). Then, for every h € (0, ho(k)], problem (4.12) has a unique
solution if and only if Condition 1 holds, where ho(k) is the constant presented
in Theorem 4.2.

Proof. Using Lemmas A.4 and A.5 instead of Lemmas A.1 and A.2, respec-

tively, we can prove in the same way as the proof of Theorem 4.3. Then we

note that in Case 3 we do not need the assumption that a > ap/k. W
Now we pose a sufficient condition for Condition 1:

CONDITION 2 Let A = (0, 00). Let A be any number in A. If u, € Vj
vanishes on Iy, and satisfies a(up, vi) = Mup, vy) for all v, € Vj,, then
Up = 0.
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We here consider the following two eigenvalue problems:

—Au = Au in €,

(4.26) S 0 ony,
a— =0 on Fa
n

and

—Au = Au in €,
(4.27) u = 0 onnr,
u = 0 on I',.

Then Condition 2 can be restated that the discrete problems of (4.26) and
(4.27) associated with V3, have no common eigenpair. We here see from the
unique continuation theorem that problems (4.26) and (4.27) have no com-
mon eigenpair. At present we do not know whether Condition 2 is satisfied or
not in general. But in the next section we give an example where Condition
2 is satisfied.

4.4 An example satisfying condition 1

In this section, we give an example where Condition 2 holds, and hence
Condition 1 also holds. In the example, the domain €2, is an annular domain:

Qu={r €R? | ap < |7| < a},
where a > ag > 0. Then the boundaries v and I', become as follows:
y={z€R?||z| =ap} and T, ={zrecR?||z|=a}.

The finite element space V}, is constructed as follows. Let us naturally identify
the domain , with the rectangular domain (ag, a) x (0, 27) in the polar
coordinates, and consider a subdivision in the radial direction: ay = ry <
< o<1y =ag+nAr < - <ry = a, where Ar = (a — ag)/N, and a
subdivision in the angular direction: 0 =6, <0y < --- < 0,, = (m—1)AH <
oo < BOopyi1 = 2w, where AG = w/M. Then Q, is covered with a mesh as
shown in Fig. 2. For each n = 1,2, ..., N, let ¢, be the piecewise linear
continuous function on (ag, a) which satisfies

On(rp) =0ppe forn’ =0,1,..., N,
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where 9,,,,» denotes Kronecker’s delta. For each m =1, 2, ..., 2M, let 1), be
the piecewise linear continuous function on (0, 27) which satisfies ¢,,(0) =
W (27) and

U (Opr) = O form’ =1,2, ..., 2M.
We here define the finite element space V}, as follows:

Vi, = span{p, (r),(0) | n=1,2, ..., N, m=1,2,..., 2M}.

Figure 4.1: Annular domain and its mesh.

Main theorem of this section is the following.

THEOREM 4.5 Let Ar (= (a—ag)/N) and AO (= w/M) be mesh sizes in the
radial and angular directions, respectively. If Ar and A0 satisfy the relation

aer
\/5 )

then Condition 2 holds.

(4.28) Ar <

We shall prove this theorem in the remainder of this section.
We consider the discrete problem of (4.26) associated with V}, which can
be written in the matrix-vector from:

(4.29) A€ = ABE,

where A and B are respectively the stiffness and mass matrices, A is an
eigenvalue and £ is a corresponding eigenvector. We here notice that the
matrices A and B can be represented in the tensor form:

(4.30) A=A, ® By+ B, ® Ag
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and
(4.31) B =C, ® By,

where A,, B,, C,, Ay and By are the matrices defined as follows:

“ “ dr
a=([dmeora) o n=([amnan®T)
ao 1<4,I<N ao 1<4,I<N

a 2T
o= ([Cematiar) o a= ([ oo )
ap 1<j,I<N 0 1<4,1<2M

and
2m
Bo= ([ v )
0 1<j,1<2M
Let us now consider the following eigenvalue problem:

(4.32) ApC = puByC,

which has a finite sequence of eigenvalues:

(4.33)
0=t < pr=prg <-- < fplog_1 = g < -+ < flapr—3 = Pani—2 < Hoanm—1,

and corresponding eigenvectors:
CO Cl o CQM*I
which can be chosen to satisfy
(4.34) (BgC!, ¢™pert = 0y (0< 1, m < 2M — 1),

where (-, -)gen is the standard inner product of R**. Here, we note that
Monr—1 is given as follows:

(4.35) jionr 1 = 12 (%)2.

™

Further, for each m = 0, 1,2, ..., 2M — 1, let us consider the following
eigenvalue problem:

(4.36) (A + pmBr)m = ACyom.

We then see that it suffices to solve the eigenvalue problems (4.36) in order
to solve the eigenvalue problem (4.29).
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LEMMA 4.1 For each 0 < m < 2M — 1, let A\', A\J*, ..., A%} be the eigen-
values of (4.36),, and 0", M5, ..., N\ the corresponding eigenvectors which
satisfy

(4.37) (Coms M )RN = O
Then the set of all eigenvalues of (4.29) is given by
(4.38) (A" | 0<m<2M—1, 1<n<N},

and an eigenvector of (4.29) corresponding to A is given by

& =mn, ®¢",
where ™ is an eigenvector of (4.32) corresponding to the eigenvalue fi,.
Further, if ¢°, ¢*, ..., ¢*M71 satisfy relation (4.34), then we have

(4.39) (BE™, €™ Ygarrn = Gyt O -

Proof. Fixm € {0, 1, ..., 2M — 1}. Let A" be an arbitrary eigenvalue of
(4.36),, and p"™ a corresponding eigenvector. Let ¢ be an eigenvector of
(4.32) corresponding to fi,,. Set &' =0 ® ¢™. Then, by (4.30) and (4.31),
we have

AL = (A, ®By+ B, ® Ag)(n) @ ¢™)
= Am ®@ B + Bom,! @ ApC™
= Am, ® Be(" + B.m) @ i BeC™
— (A BT @ BiC"
= Ay @ Be¢™
= NG @ By)(my @ ¢™) = A BE
This shows that A" is an eigenvalue of (4.29) and &) is a corresponding

eigenvector.
Next we show (4.39). By (4.31) and by simple calculation, we can get

(BE™, €M ) gomn = (Con™, % Jrw (BoC™, €™ )gan.

Therefore, by (4.34) and (4.37), we can get (4.39). Relation (4.39) implies
that there exist no eigenvalues of (4.29) except A", that is, the set of all
eigenvalues of (4.29) is given by (4.38). W
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We can deduce from Lemma 4.1 that Condition 2 is equivalent to the
condition that for every 0 < m < 2M — 1, there does not exist eigenvector
n™ = [, gy, o, )T of (4.36),, such that ni = 0.

Now let \™ be an eigenvalue of (4.36),, and set

Q=A+punB, — \"C,.
Let ™ be an eigenvector of (4.36),, corresponding to A™. Then we have

(4.40) Qn™ = o.

We give a sufficient condition for Condition 2 in the following lemma.

LEMMA 4.2 Suppose that for each 0 < m < 2M —1 and for every eigenvalue
A™ of (4.36),,

(441) g, #0  foralln=1,2,..., N —1,
where q, are the (n,n+ 1)-entries of the matrixz Q. Then Condition 2 holds.

Proof. For each 0 < m < 2M — 1, let A™ be an arbitrary eigenvalue of
(4.36),, and @™ = [y, ..., n%]T a corresponding eigenvector. Then
(4.40) holds. Since @ is a symmetric tridiagonal matrix, it follows from
(4.41) that if niy = 0, then n* = ni* = --- = n_; = 0. This means that
there exists no eigenvector n™ = [n7, n5*, ..., N7 of (4.36),, such that
ny = 0. Hence Condition 2 holds. N

LEMMA 4.3 Let Ar (= (a — ag)/N) and AO (= w/M) be mesh sizes in the
radial and angular directions, respectively. If Ar and Af satisfy (4.28), then,
for each 0 < m < 2M — 1 and for every eigenvalue \™ of (4.36), ¢, < 0 for
alll <n <N -—1.

Proof. For1<n <N —1,let av,,, B, and =, be the (n,n + 1)-entries of the
matrices A,, B, and C,, respectively, i.e.,

@ “ dr
o= [ D = [ o)
ao ag
and
Tn = / en(r)pnia (r)r dr.

ag
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Then, for all 1 <n < N — 1, we have «a,, < —ag/(Ar), B, < Ar/(6ay) and
Yn > 0. It now follows from (4.33) and (4.35) that

M\? 12
Ogum§12(7) :A—92 forall 0 <m <2M — 1.

Thus, we have, for all 0 < m < 2M — 1, for all eigenvalue A\ and for all

1<n<N-1,

2 a?
= + (,)) _\m < - A 2 _ _OA 2 .
on n ¥ fmbn = A apArAg? ( T 9)

Therefore, if Ar and Af satisfy (4.28) then ¢, < 0. W

Proof of Theorem 4.5.  Lemmas 4.2 and 4.3 lead us to Theorem 4.5.
|

COROLLARY 4.1 If (4.28) is satisfied, then problem (4.13) has a unique so-
lution.

REMARK 4.1 Although problem (4.13) is ensured to have a unique solution
for every h € (0, ho(k)] by Theorem 4.2, condition (4.28) is independent of
k.

COROLLARY 4.2 Ifa > ap/k and (4.28) are satisfied, then problem (4.12) is
equivalent to problem (4.13). Here a, ay, and k are, respectively, the radius
of the artificial boundary, the unique positive root of (4.17), and the wave
number.

4.5 Procedure of the controllability method

We present a procedure for solving problem (4.11) which is derived from an
idea of Bristeau et al. [16], [17]. In this section we assume that problem (4.11)
has a unique solution and that there exists a finite dimensional subspace V),
of H'(Q4; R) such that V;, = {v, = vff 4+ iv] | v, vf € V), }, where H*(Q,; R)
is the real Sobolev space. We identify a complex-valued function u with a
pair {uf; u’} of the real part and the imaginary part of u. Then the space
E), is identified with Ej, = (Vi]? x [Vi]?. We define an inner product of B, by

(up, Uh)Eh = a(uno, Vno) + (Un1, Vn1)
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for wy, = {uno, up1}, v = {vno, v} € Ep, where
a(upo, Vpo) = / Vup - Vopo do = / (Vufo . vao + VU;ILO . Vv,io) dx
Qa Qa
with upg = {ull), ul )}, vne = {08}, vi,}, and

R R I I
(un1, vp1) :/ Up Uy do :/ (uhlvhl +uh1vh1) dx
Qa Qa

with up = {ufl, upts v = {vh, vt
Under the assumption that a solution to problem (4.11) exists, problem

(4.11) is equivalent to the following minimization problem: find u;, € Ej
such that

Vy,eE),

with the functional J : Eh — R defined by
1
T(wn) =5 | AIV(T) = vno)* + [00n(T) — v [*} da
Qq

for vy, = {vpo, v} € Eh, where vy, : [0, T] — [V},)? is the solution to the
following problem:

(8fvh(t), ’LUh) + <(9t?)h(t), ’LUh> + CL(’Uh(t), ’LUh)

~

(W;svp) +(Svn(t), wp) + k(Rux(t), wy) = (f(t), wh)
f1 %8 for all w, € [V3]2 and for all ¢ € (0, T),
vp(0) = vho, Oy (0) = vp,

where
{(vp, wy) = / (vffwpt 4+ viwy) dy
for vy, = {vff, v} }, w, = {wf, Wi} € V)2,
Suy, = {Re[S(vif + iv})], Im[S(vf + iv})]}
for vy, = {vy, vi} € [Val?,
0 —1
R=[1 7]
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and f(z, t) = {Re[F(x)e ], Im[F(x)e~*!]}.
Under the assumption that the solution to problem (4.11) is unique, prob-
lem (4.42) is equivalent to the following problem: find u, € Ej, such that

(4.43) (J'(uy,), v;)EZth =0 forall v, € E),

where E;l is the dual space of Eh and (-, -) B x By is the duality pairing between
E,’I and Ej,. Calculating the Fréchet derivative, we have, for all uy, vy, € Eh,
(4.44)(J (un), vn) g <,

= a(un(T) — uno, vp(T) — vno) + (Qpun(T) — up1, Ovn(T) — va1),

where u;, and v, are the solutions to (Wy;uy) and (Wy;vy,), respectively.
Here (Wpy;v),) is the initial value problem defined by (Wy;vy) with f = 0.
We here note that u; can be decomposed into

(445) Up = Q_Lh + ah,

where 1, and @, are the solutions to (Wy; uy,) and (Wy; 0), respectively. From
(4.44) and (4.45) we can see that (4.43) can be written as follows:

(446)a(ﬂh(T) — Up0, Uh(T) — UhO) + (8tﬂh(T) — Up1, (9tvh(T) — Uhl)
= —&(ﬁh(T), Uh(T) — UhO) — (8t12h(T), (9tvh(T) — Uhl)
for all v, = {vpo, v} € Eh. We here define a bilinear form a(-, -) on Eh by
(4.47)a(vh, 'wh) = a(vh(T) — Uho, wh(T) — who)
+(O0pvn(T) — va1, Opwn(T) — whi)

for vy, wy, € Eh, where v, and wy, are the solutions to (Wy;vy,) and (Wy; wy,),
respectively. Note that a(-, -) is symmetric and coercive. The coerciveness
follows from the non-negativeness of a(-, -), the uniqueness of the solution to
problem (4.11) and the finiteness of the dimension of Ej. Further we define
a linear operator Ay on Eh by

(Apvn, wp)p, = a(vn, wy)

for all vy, wy, € Eh. Then Ay, is symmetric and positive definite. In addition,
we determine an element f; of Ej by

(4.48) (fn, va)p, = —a(un(T), va(T) = vno) — (Ostin(T), Opon(T') — vn1)
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for all v, € Eh, where 1, and vy, are the solutions to (Wy;0) and (Wy; v),
respectively. Thus we can rewrite (4.46) as follows:

(4.49) Apuy, = f, in Ej.

As a consequence, to get the solution to (4.11), we solve (4.49) by the
CG method [57]. An essential part in the CG algorithm is the computation
of Ayvy, (vy, € [Vi,)?), which will be explained below.

4.5.1 Computation of A,v,

The bilinear form a(-, -) can be rewritten as follows:

(4.50)a(vy, wy) = a(vye — va(T'), who) + (v — Opr(T), wh1)
+(n(0), wn1) = (Oipn(0), wio) + (@n(0), who),

for vy, w;, € Eh, where vy, is the solution to (Wy;vy,), and ¢y, : [0, T] —
[V1,]? is the solution to the following equation:

(4.51)(07pn(t), wr) — (Bepn(t), wa) + alpn(t), wy)
+(8Ton(t), wy) + k(R on(t), wy) = 0

for all wy, € [V),)* and for all t € (0, T'), subject to the following conditions:
(4.52) on(T) = 0un(T) — vm
and
(4.53) (Orpn(T), xn) = —a(va(T) — vno, xn) + (Oevr(T) — V1, Xn)
for all x;, € [V)]?, where
8"pn = {RelS(pif — ipp)], — Im[S(pff —ip})]}

for on, = {@l, ¢!} € [Vu]*>. We then have

(4.54) (Swn, n) = (wn, S ipn) (: Re {/ S(wi + iwﬁ)mdvD

a

for all wy,, ©n € [Vi]?.
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Identity (4.50) is derived from the next reason. From (4.47) we can easily
get

(4.55)a(vy, wy) = a(vpe — vp(T), who) + (vhr — Oyur(T), wp1)
+6L(Uh(T) — Vho, wh(T)) + (&wh(T) — Up1, 8twh(T))

From (4.51), (4.54) and the fact that wy, is the solution to (Wy; wy,), we have

% (n (), Orwn(t)) = (Drpn(t), wa(t)) + (pn(t), wn(t))} =0

for all ¢t € [0, T']. This implies
(4.56)(2n(T), Orwn(T)) = (Brpn(T), wi(T)) + (en(T), wi(T))
= (¢n(0), wn1) = (Grn(0), wro) + {pn(0), who)-
From (4.52) and (4.53) with x;, = w,(7T'), we can deduce
(4.57)a(vp(T) = vno, Wp(T)) + (Opvn(T) — vp1, Opwr(T))
= (en(T), Orwn(T)) = (Dupn(T), wa(T)) + {n(T), wi(T)).

Combining (4.55), (4.57) and (4.56) leads us to (4.50).
We here note that we can analogously rewrite (4.48) as follows:

(Frovn)p, = alan(T), vno) + (Bytin(T), vn)
—(¢n(0), vr1) + (Gipn(0), vao) — (@n(0), vho),

where ¢, is the solution to (4.51) subject to ¢,(T) = Oy (T) and
(Orpn(T), xn) = —a(tn(T), xn) + (Orun(T), Xn)

for all x;, € [Vu]*

From (4.50) we can understand that A,v,(= gq;,) is calculated with the
following procedure: 1) Solve problem (Wy;wy); 2) Solve equation (4.51)
under conditions (4.52) and (4.53); 3) Solve the following elliptic problem:
find go € [V1]? such that

(4.58) alqno, xn) = a(vho — va(T), xn) — (Orn(0), xn) + (©r(0), Xn)

for all x, € [Vi]?, where g is the first component of Aj,vy; and 4) Set
qn1 = vn1 — Oyun(T) 4 @r(0), where g5 is the second component of Ajvy,.
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In practical implementation of the above procedure, to solve (Wy; v;) and
(4.51) with (4.52) and (4.53), we use the explicit centered finite difference
scheme of second order. For example, application of this scheme with step
size At =T/N (N € N) to (Wp;vp,) leads to:

1)2 = Vpo; 1},11 — ’U;l = 2Atvh1;
form=0,1,..., N —1,
Un-l—l — n 4 ,Un—l ,Un—f—l - ,Un—l
4.59 h h h h h
aso) (SR ) (T
+a(vp, wy) + (Sul, wy) 4+ KR, wy) =0

for all wy, € [V3,)?, where v} (n =1, 2, ..., N) are approximations to v, (nAt).

For space discretization, we use the P1 conforming finite element, and
further use the technique of mass lumping to compute the L?*(£2,) inner
product (-, -) and the L*(T,) inner product (-, -). Using this technique in
(4.53) and (4.59), we can get dypp(T) and v by solving linear systems
of equations with a diagonal coefficient matrix; then, we need not use any
iterative method. Hence, in the controllability method, we need an iterative
method only when we solve problem (4.58). The coefficient matrix of the
linear system of equations arising from (4.58) is real, symmetric and positive
definite, and hence iterative techniques for solving (4.58) are well established
(see, e.g., [57]).

4.6 Numerical examples

We shall show numerical results for two test problems described below. These
results confirm that we can obtain appropriate numerical solutions by the
controllability method with ABC (4.3). The test problems are the non-
homogeneous Dirichlet boundary value problem in two dimensions:

~AU—-KU = 0 inQ,
U = G onv,

lim 72 (8_U —ikU) = 0.
r—s00 or
When we use ABC (4.3), we replace the exact DtN operator S by the

truncated DtN operator by S. We choose an N so that Harari-Hughes’
formula N > ka is satisfied.
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As mentioned in the previous section, for the space discretization we use
the P1 conforming finite element, and for the time discretization the explicit
centered finite difference scheme of second order with step size At.

4.6.1 Scattering by a disk

We consider a test problem whose exact solution is known analytically. In
the problem, the obstacle O = {x € R* | |z| < 1}, the wave number k = 1
and the Dirichlet data G is so chosen that the exact solution U(r, ) =
H 1(1)(7’) cos . The parameters we used are written in Table 1, where NV, and
N, denote the numbers of vertices and elements of the triangulation, respec-
tively. We show contour lines of the real parts of the exact and numerical
solutions in Figs. 3 and 4, respectively. In these figures, we cannot distinguish
the numerical solution and the exact one.

Table 4.1: Parameters for a scattering problem by a disk.
a N At N, N,
2 2 7/100 2176 4096

Figure 4.2: Contour lines of the real part of the exact

4.6.2 Scattering by a II-shaped open resonator

We compute the scattering of an incident plane wave exp[ik(z1 cos a+xs sin )]
by an obstacle, where « is an incident angle and (z1, z3) are the Cartesian

36



Figure 4.3: Contour lines of the real part of the numerical solution.

coordinates. The wave number k£ = 87 and then the wave length A = 0.25,
where A = 27 /k. The obstacle is a II-shaped open resonator (see Figs. 5-7).
The size of its interior rectangle is 4\ x A and the thickness of the wall is
A/5. The incident angle a = 30°. The exact solution of this problem is un-
known analytically. To ascertain whether numerical solutions are valid, we
use artificial boundaries of two sizes and then compare two obtained numeri-
cal solutions with each other. The parameters used in the cases of small and
large artificial boundaries are written in Tables 2 and 3, respectively. Contour
lines of the real part of the scattered wave for each case are displayed in Figs.
5 and 6. The contour lines displayed in Figs. 5 and 6 are displayed together
in Fig. 7, which shows good coincidence of them in the small computational
domain. This result verifies the validity of the numerical solutions.

Table 4.2: Parameters for a scattering problem by a II-shaped open resonator
in the case of an artificial boundary of a small size.
a N At N, N,
0.75 19 1/400 42648 83808

Table 4.3: Parameters for a scattering problem by a II-shaped open resonator

in the case of an artificial boundary of a large size.
a N At N, N,

1 26 1/400 77808 153888
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Figure 4.4: Contour lines of the real part of the numerical solution in the
case when the radius of the artificial boundary a = 0.75.

4.7 Conclusions

To verify the validity of the controllability method using the DtN bound-
ary condition, we have first discussed the equivalence between the Helmholtz
problem (4.1) and the exact controllability problem (4.7); however the equiva-
lence has not been proved yet. We have further investigated the equivalence
in discrete level, namely, the equivalence between the discrete Helmholtz
problem (4.13) and the semi-discrete exact controllability problem (4.12).
This equivalence has not been proved yet, either. A sufficient condition for
the equivalence is the uniqueness for the semi-discrete problem (4.12). We
have presented a necessary and sufficient condition (Condition 1) for the
uniqueness (see Theorems 4.3 and 4.4); however this condition has not been
proved for general discrete problems. So we have presented an example where
the condition is satisfied, that is, the equivalence holds.

Other topics concerning the controllability method which are yet to be
done are the following: the mathematical analysis for fully-discrete controlla-
bility problems and the comparison the controllability method with precondi-
tioned iterative methods which solve the system of linear equations obtained
by directly discretizing the Helmholtz problem (4.1) whose coefficient matrix
is non-Hermitian.

38






Chapter 5

The Fictitious Domain Method

5.1 A fictitious domain formulation

We consider to solve the 3D exterior Helmholtz problem:
—Au—ku = 0 inQ,
u = g on-,

(5.1)
lim T(@—ik‘u) = 0,

r——-+00 or

where € is an unbounded domain of R?® with sufficiently smooth boundary
v, and O = R3\  is assumed to be a bounded domain. As was mentioned
in the previous chapter, this problem is reduced equivalently to the following
problem imposing the DtN boundary condition:

—Au—Fku = 0 in Q,,

u = g on .
(5.2) o . '
— = —Su on
87’ as

where S is the DtN operator as usual. A weak formulation of this problem
is as follows: find u € H'(Q,) such that

(5.3) {aga(u, v) = 0 forallvelV,
u = g onn~,

where

ag, (u, v) = / (Vu - VO — k*uv) dz + s(u, v),
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s(u, v) = (Su, V) g-1/2(r,)x H1/2(Ty)

V={veH (Q)|v=0 ony}.

Note that problem (5.3) has a unique solution for every g € H'Y2(y) (see
[105]).

To solve problem (5.3) by using the fictitious domain method via the
Lagrange multiplier proposed by Glowinski et al. [53, 54] and Hetmaniuk—
Farhat [78], we introduce a rectangular parallelepiped domain Q enclosing
domain €, (see Fig. 5.1), called the fictitious domain, and formulate a prob-
lem on the fictitious domain € so that the restriction of its solution to
), coincides with the solution of (5.3). In the formulation of the prob-

Figure 5.1: Left: Domain 2, and boundaries v and I'y; Right: Fictitious
domain €.

lem on the fictitious domain, we utilize the technique due to Glowinski et
al. [53, 54] to handle the non-homogeneous Dirichlet boundary condition
on v, and the technique due to Hetmaniuk—Farhat [78] to handle the DtN
boundary condition on I',. So we can obtain the following problem: find

{@, ue, A\r,, A} € HY(Q) x H(e) x H~Y*(T',) x H~Y/?(y) such that

ag (@, v) + (Ar,, V)r, + (A, v), = 0 Vo € HY(Q),
(5.4) ae(Ue, ve) + (Ar,, ve)r, = 0 Vo, € H(e),
' <,uFa7 u— u6>Fa =0 v,uFa € H_1/2(Fa)a

(fy, @y = (b, §)y Yy € HY2(y),

where ¢ is the domain depicted in Fig. 5.2, H~%/2(7) is the dual space of
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HY2(5), (-, -}, is the duality pairing between H—/?(v) and H'/2(v), and

ag(u, v) = /ﬁ (Vu- Vo — k*uv) dz + s(u, v) — ik/u@dm,

r
ae(u, v) = /(Vu - VT — k*uv) dr — ik/u@dx.
e r
Note that (A, u), is linear in A and semilinear in u:

(QA + B, u)y = A, u)y + B{p, u),,
(A, au+ Bu), = ald, u), + B\, v),.

Figure 5.2: Domain e and boundary I

First we assume the existence of a solution of problem (5.4) in the fol-
lowing three propositions, and after establishing these propositions we shall

show the existence in Theorem 5.1.

PROPOSITION 5.1 If u € H'(Q) and u. € H'(e) are respectively the first
and second components of a solution of (5.4), then the restriction of u to e

s equal to u., and u, weakly satisfies
—Au, —k*u, = 0 in e,
(5.5) U, = u on Iy,

Oue .
a/l;—ﬂfue = 0 on T,

where n s the unit outward normal vector on I', that is to say, u. s the

unique solution of the following weak formulation of (5.5): find u. € H'(e)
such that

(5.6) { ae(te, v) = 0 forallv eV,

u, = u only,
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where
V.={veH'(e)|v=0 onl,}.

Proof. 1t follows from the unique continuation property and the Fredholm
alternative theorem that problem (5.6) has a unique solution (cf. [85, 55]).
From the second equation of (5.4) we can easily see that

(5.7) ae(ue,v) =0 forall wveV,.
Further, from the third equation of (5.4), we have
(5.8) ue=u on T,.

Thus, from (5.7) and (5.8), we can see that u. is the unique solution of (5.6).
For every v € V,, let © be the continuation of v to 2, U O by zero. Then,

we have 0 € H'(Q). Taking v = ¥ in the first equation of (5.4), we can get

(5.9) ac(a,v) =0 forall wveV,.

This implies that @ = u. on e because the solution of (5.6) is unique. W
Now we consider the following eigenvalue problem:

—Au = au in O,
(5'10){ u = 0 on 1.

We denote by o the set of all eigenvalues of (5.10).

PROPOSITION 5.2 Assume that k* € (0, 00) \ o and that g € HY?(v). If

u € HY(Q) is the first component of a solution of (5.4), then the restriction
of u to O weakly satisfies

_ _ L2 — ;
(5.11) { Au — k*u 0 in O,
u = g on -,

that is, @|o is the unique solution of the following weak formulation of (5.11):
find u € H'(O) such that

(5.12) { ao(u, v) = 0 forallve HHO),

u = g onv,

where

ap(u, v) = / (Vu - VT — k*uv) da.
0
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Proof. From the assumption that k? € (0, 00) \ o, we can see that problem
(5.12) has a unique solution for every g € H'/?(y).

For every v € Hj(O), let © be the continuation of v to Q, Ue by zero.
Then, we have & € H(Q). Taking v = @ in the first equation of (5.4), we
can get the first equation of (5.12) with u = 4. Besides, it follows from the
fourth equation of (5.4) that & = ¢g on . Therefore, we can conclude that

| is the unique solution of problem (5.12). MW

PROPOSITION 5.3 Assume that g € HY?(y). If i € HY(S) is the first
component of a solution of (5.4), then the restriction of i to Q, is the unique
solution of problem (5.3).

Proof. Let u. € H'(e) be the second component of the solution of (5.4)
whose first component is . Since it follows from Proposition 5.1 that |, =
u., we can see from the first and second equations of (5.4) that we have

(5.13) aq, (@, v) + ap(i, v) + (A, v), =0 forall ve H'(B,),

where B, = {z € R?® | |z| < a}. Here we implicitly used the relation
HY(B,) = {#|p, | © € H*(Q)}, which follows from the continuation theorem
(see, e.g., [59, Theorem 1.4.3.1], [110, Théorem 3.9]).

For every v € V, let ¥ be the continuation of v to O by zero. Then, we
have v € H'(B,). Taking v = ¢ in (5.13) leads us to the first equation of
(5.3) with v = @. In addition, it follows from the fourth equation of (5.4)
that & = ¢g on 7. Thus, we can understand that |q, is the unique solution

of problem (5.3). M

THEOREM 5.1 Assume that k* € (0, 00) \ 0. Then, for every g € HY?(v),

problem (5.4) has a unique solution {u, u., A\r,, \,} € H'(Q) x H'(e) X
H2(T,) x H-172().

Proof. (Existence) There exists a unique solution ug, of (5.3) for every
g € H'Y?(v). Further there exists a unique function u, € H'(e) of problem
(5.6) with u, = ug, on I'y. Since k? ¢ o, we have a unique solution up €
H'(O) of problem (5.12). So we define

uo in O,
(5.14) @ := ¢ ug, in €,

u, in e
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Then we have @ € H' () since u, = ug, on I, and ug, = up = g on 7.
Further, for every g € HY?(T,), there exists a v, € H'(e) such that
vy =g on I',. Then \p, € H-Y/%(T,) is well defined by

(515) </\Fa7 g>Fa = _ae(uey Ug)

because this definition does not depend on how to choose v, € H*(e) for each
g € HY*(T,). Indeed, if v}, € H'(e) and v, = g on Iy, then v, — v} € V, and
hence

(5.16) ac(ue, vy —vy) =0

since u, is the solution of (5.6). From (5.16) we can see that the right-hand
side of (5.15) is independent of the choice of v, € H'(e).

In exactly the same way, since for every g € H'Y2(y), there exists a
v, € H'(B,) such that v, = g on v, we can define A\, € H~'/2(y) by

(5.17) Oy )y = —an, (ua,, vy) — aoluo, v,).
From definitions (5.15) and (5.17), we have

(Ar,, V)r, = —ac(ue, v) forall ve H'(e),
A\, v), = —aq,(ug,, v) —ao(up, v) forall ve H'(B,).

These identities yield the first and second equations of (5.4). In addition,
definition (5.14) of @ € H'(€) implies the third and fourth equations of (5.4).
Hence we can conclude that {@, u., Ar,, A} is a solution of (5.4).
(Uniqueness) The uniqueness of the solution of (5.4) follows from Propo-
sitions 5.1, 5.2 and 5.3 and the uniqueness of the solutions of problems (5.3),

(5.6) and (5.12). MW

REMARK 5.1 The idea of this proof is not new; Glowinski et al. [53] and
Hetmaniuk—Farhat [78] analogously prove the well-posedness of the fictitious
domain problem and its equivalence to the original problem for their problems.

To discretize problem (5.4) by the finite element method, we employ a
uniform tetrahedrization of ﬁ, and a tetrahedrization of e that is locally fit-
ted to I',, and approximate boundaries v and I', by finite triangular patches.
Note that we do not consider any curved triangular patches. Then the ap-
proximate boundaries to v and I', are respectively denoted by 7 and I'7,
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where 7 is a parameter indicating the size of the triangular patches. We here
introduce finite element spaces: Xg C HY(Q) and X" C H'(e) that consist
of piecewise linear continuous functions corresponding to the tetrahedriza-
tions, and Myl C L*(T'7) and M C L*(v") that consist of piecewise constant
functions corresponding to the triangulations.

A corresponding discrete problem of (5.4) is formulated as follows: find

{ah, wl, A\, NI} € XE x X[ < M} x M such that

(5.18)
ag(@", V") + (AL, V"ypr + (AL 0" = 0 Vol € Xg,
ac(ufl, vl) + (AL, vl = 0 Voh € X1,
(ut,, @" —uf)ry = 0 Vil € My,
(utl, @"yyn = (i, g")yn Yl € M2,

where (-, -),» and (-, -)ps denote the inner products of L*(y") and L*(T'7),
respectively. This discrete problem can be written in the matrix-vector form:

A O Bt BT a" o
(5.19) O C DT O u! | _|o
' Br, D O O || AL o
B, O O O A g

We here remark that if A= and C~! exist, then this linear system is reduced
to the following linear system:

(5.20) Br,A™'BL, — DC-'D" Br, A~ BT } {Aﬁ } ~ { 0 } |

B,A'BL. B,AT'BY || A g

Mathematical analysis for discrete problem (5.18) and practical compu-
tations of (5.19) or (5.20) have not been done yet.

As a first step of the practical computation, we study how to compute
matrices B,, Br, and D. The way of computation for those matrices are
exactly the same. So, we focus on matrix B, in order to present an algorithm
for computing the entries of such matrices.

The approximate boundary is represented as follows:

M
V= U P,
m=1
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where P, denotes a triangular patch.
Now we introduce the standard basis functions of finite element spaces X g

and M {cpn}ﬁle and {1}, where ¢, is a piecewise linear continuous

function on Q defined by
(;On(Qn’) - 5nn’ (]- < n, n' < N)u

where @, (n =1, 2, ..., N)) are the nth nodal point of the tetrahedrization
of 2, and 1), is a piecewise constant function on -, defined by

o = 1 on P,
10 on Py Vm'#mo (1< m,m <M).

5.2 Algorithm for computing the constraint
matrix B,

The (m, n)-entries, by, ,, of the constraint matrix B, are given by

bm,n = <¢m7 90n>v" = / ©n dry.
P Nsupp ¢n
Since there exist tetrahedral elements K; (¢ =1, 2, ..., I) such that

I
supp ¢, = ) K,
i=1

we have

1
i=1 Y PmNK;

Note that if the measure of P,,NKj is positive, then P,,NK; is a polygon, and
©n 18 linear on P,,NK;. Thus, to compute the integrals on the right-hand side
of (5.21), we need to examine whether the measure of P, N K; is positive
or not, and if the measure is positive then we further need to triangulate
P, N K;. Indeed, let {Tj’}j:l be a triangulation of P, N K;, and let G’ be

the barycentre of T]’ Then we have

Ji
Ondy =Y o (G)|T],
/P ., S pn(GIT

j=1
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where |T7] is the measure of T7. Consequently, we obtain

I J
= Z Z on( G’ |T’ :

i=1 j=1
Therefore, we can understand that in the construction of an algorithm for
computing the entries of matrix B,, it is essential to design a triangulation
algorithm for the intersection of a tetrahedron and a triangle. We shall give
such a triangulation algorithm in Section 5.2.1, and then an algorithm for
computing the entries of matrix B, in Section 5.2.2.

5.2.1 Triangulation algorithm for the intersection of a
tetrahedron and a triangle

In this subsection and the next subsection, we do not consider the effect of
numerical errors, which will be discussed in Section 5.2.3.

In what follows, any triangle, tetrahedron and half-space of R? are con-
sidered as the closed sets.

For an arbitrary triangle P and an arbitrary tetrahedron K, we present
a triangulation algorithm for P N K in the following.

First, we seek the plane I which contains P. Next, we seek a triangulation
of ITN K by Algorithm A below.

Algorithm A (Triangulation algorithm for the intersection of a
plane and a tetrahedron)

Input: A plane II and a tetrahedron K.
Output: A triangulation {TJ};]:1 of IITN K.

Procedure: Let H be one of the half-spaces of R? generated by II. Count
the number N, of the vertices of K included in the interior of H, and
the number Ny of the vertices of K lying on II. For each (Ny, Ny), the
shape of II N K is determined as listed in Table 5.1. Seek vertices of
1N K following Table 5.1, where {v; }2*, {0}, and {o; }2- V=
represent the vertices of K contained in the interior, the boundary and
the exterior of H, respectively.

In the case when Ny = 3, although II N K is a triangle in both cases of
N, =0and N, =1, we adopt the triangle as an output triangulation
only when N, = 0. This reason will be described in Remark 5.3.
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Let {T™W}I_, be the triangulation of II N K obtained by Algorithm A. If
I = 0, then we stop the procedure for seeking a triangulation of P N K at
this position because |P N K| = 0, which follows from |[II N K| = 0 and
PNK cCIINK. If I >0, then we have

I
PNK=PnInK)=J(PnT"),
i=1
and hence, to obtain a triangulation of P N K, we need to construct a trian-
gulation of PNT® for each i =1, I.

Let us describe a procedure of the triangulation of PNT® in the following.
Let IT (k =1, 2, 3) be the planes which include one of the three sides of P
and are perpendicular to II. Let H be the half-space of R? generated by II,,
whose interior contains the vertex of P which does not lie on Il (see Fig.
5.3). Then we have

B  {
H, X

Figure 5.3: Triangle P, plane II;, and half-space Hy.

PzHﬂ(ﬁHk>.

k=1
Here recalling 7 C II, we can see that we have
(5.22) PNTY = Hyn [HyN (H, NTY)].

Now we are ready to give a procedure for constructing a triangulation of
PN T based on the right-hand side of (5.22).
First we construct a triangulation of H; NT% by Algorithm B below.

Algorithm B (Triangulation algorithm for the intersection of a half-
space and a triangle)
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Input: A half-space H and a triangle T
Output: A triangulation {TJ};]:1 of HNT.

Procedure: Count the number n, of vertices of T" included in the interior
of H and the number ny of vertices of T lying on the boundary II of
H. For each (ng, ny), the shape of H NT is determined as listed in
Table 5.2. Seek vertices of H NT following Table 5.2, where {v;f}"%

{003 and {v; }2_* 7™ represent the vertices of T contained in the

interior, the boundary and the exterior of H, respectively.
Let {T]}j:1 be the triangulation of H; NT® obtained by Algorithm B. If
J = 0, then stop seeking a triangulation of P N T® because |[PNTW| = 0,
which follows from |H; NT®W| =0and PNT® c H;NTY. If J > 0, then
we have

J

Hyn (H,NTY) = HyN (On) = JHnTy).

Jj=1

Hence, next constructing a triangulation of Hy N7} for each j = 1, J by
Algorithm B and combining them, we can get a triangulation of Hy N (H; N

T@), which is denoted by {Tj’};ﬂ:l If J/ = 0, then we can see that [P N
T (i)] = 0 in the same argument as above, and hence we stop the procedure

for constructing a triangulation of P N T® at this position. If J' > 0, then
we have

(5.23) HsN[HoN (HiNTY)] = HyN <U T]’> = JHsnT)).

j=1 j=1

Hence, finally constructing a triangulation of H3NT} foreach j =1, ..., J' by
Algorithm B and combining them, we can obtain a triangulation of PNT®,
which can be understood from (5.22) and (5.23).

We summarize the above procedure for constructing a triangulation of
the intersection of a tetrahedron and a triangle as Algorithm 1. To avoid
a complicated description, we summarize the procedure for constructing a
triangulation of P N T® appearing in the above procedure as Algorithm 2
after describing Algorithm 1.

Algorithm 1
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Input: A triangle P and a tetrahedron K.
Output: A triangulation {T]};]:1 of PNK.

Procedure:

1. Seek the plane IT including P, and then the planes I, (k = 1, 2, 3)
which include one of the three sides of P and is perpendicular to
I, and determine the half-space Hj, as shown in Fig. 5.3.

2. Construct a triangulation {T(i)}i[:1 of II'N K by Algorithm A.
3. J:=0.
4. For i =1, I, carry out the following procedures:

4.1 Construct a triangulation {T]* }‘]]: ot PNT @) by Algorithm
2 described below.
42 Ty =T (j=1,...,J); J=J +J"

Let us now describe Algorithm 2. The half-space Hy (k = 1, 2, 3) are
obtained from the triangle P at Step 1 of Algorithm 1, and are needed rather
than P in Algorithm 2. Hence we adopt Hy (k = 1, 2, 3) as input data of
Algorithm 2. We shall omit the superscript of T in the following description
of Algorithm 2.

Algorithm 2
Input: Half-spaces Hy (k =1, 2, 3) and a triangle 7'0]
Output: A triangulation {T]};]:1 of PNT = HsN[HyN (H NT)).
Procedure:
1. Construct a triangulation {Tj* }j;l of Hi N'T by Algorithm B.
2. J:=0.

3. For j =1, J*, carry out the following procedures:

3.1 Construct a triangulation {Tl}le of HyNT} by Algorithm B.
32 Ty:=n (=1 0L);J:=J+L.

AT =T (G=1,...,J); J = J.
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5 J:=0.
6. For j =1, ..., J* carry out the following procedures:

6.1 Construct a triangulation {Tl}le of H3NT} by Algorithm B.
62 Ty =7 (l=1,L); J:=J+ L.

REMARK 5.2 The number of triangles contained in a triangulation obtained
by Algorithm 2 is less than or equal to 8. This is because the number of
triangles contained in a triangulation obtained by Algorithm B is less than or
equal to 2. Further, since the number of triangles contained in a triangulation
obtained by Algorithm A is less than or equal to 2, we can see that the number
of triangles contained in a triangulation obtained by Algorithm 1 is less than
or equal to 16.

5.2.2 Algorithm for computing the entries of matrix
B,
Algorithm 3
Input: A tetrahedrization {Kl}f:1 and a triangulation {Pm}le.

Output The (m, n)-entry by, , of matrix B, (1 <m <M, 1 <n<N).
Procedure:

Lobpn=0(1<m<M, 1<n<N).
2. Form=1,..., M, do:
2.1 For P,,, seek planes IT and II (k =1, 2, 3) by the procedure
at Step 1 of Algorithm 1, and determine the half-space Hj, as
shown in Fig. 5.3.
22 Forl=1,..., L, do:
2.2.1 Construct a triangulation {Tj}j:1 of P, N K; by the pro-
cedures at Steps 2-4 of Algorithm 1.
222 Forj=1,...,J, do:
* Seek the barycentre G; of the triangle 7}.

« Let ng (kK =1, ..., 4) be the nodal numbers of vertices
of K;. Then

bm,nk = bmﬂlk + Spnk(GJHT']‘ (k = 17 R 4)
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REMARK 5.3 If triangular patch P,, and a face T of tetrahedral element K,
are coplanar, there exists the other tetrahedral element K;, sharing T' as one
of its faces. The plane 11 is computed at Step 2.1, and then for each | =1y, I
at Step 2.2, the case of Ny = 3 in Table 5.1 arises in Algorithm A which
is called in Algorithm 1 at Step 2.2.1. Then, in one case, Ny = 0, and
in the other case, Ny = 1. By outputting T (= 11N K;;, = 1IN K,) only
when Ny =0, we can avoid overadding its contribution to the corresponding
entries of matriz B.,.

REMARK 5.4 To compute the entries of matriz A in (5.19), we must com-
pute

o= 3 ke j( @I @ (1< pq<N)

n=0 m=—n

with
2 T
24 m = d ) Ym(h in@do
(5.24) (0,)7(a) / <z>/0 oo, 0, $)Y7(6, ) sin 0.d6),

where a is the radius of the artificial boundary I'y. We can compute the
Fourier coefficients (5.24) approzimately in the following way: First we ap-
proximate the artificial boundary I', by finite triangular patches. Next we
approximate the spherical harmonics Y, by piecewise constant functions on
the triangulation of I'y. Finally we use Algorithm 3 with an obvious modifi-
cation to compute (5.24) approximately.

5.2.3 The effect of numerical error

In this subsection, we show that Algorithm 3 is numerically robust in the
sense that it always carries out its task ending up with some output (cf.
[122]), if we take two simple measures described below. Then we assume
that neither any tetrahedron of an input tetrahedrization nor any triangle of
an input triangulation degenerates or nearly degenerates. This assumption
is proper, since the use of any degenerate or nearly degenerate elements is
not desirable in the finite element computations. Moreover, the assumption
implies that planes IT and Il (k = 1, 2, 3) are normally computed at Step
2.1 of Algorithm 3.
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The first measure is taken in the procedure for computing the intersection
of plane Il and a line segment whose endpoints lie in both sides of II in
Algorithms A and B. Let (xq, yo, 20) and (1, y1, 21) be the coordinates of
the endpoints of the line segment, and let ax+by+cz+d = 0 be the Cartesian
equation of plane II. Then compute the point of intersection (z, y, z) by the
following procedure:

1. t;:==ax; +by; +cz;+d (i=0,1);

—1
2 ti=—2 ;
t —to
€T Ty — Xy Zo
S ly =t vri—v |+ | %
z 21 — 20 20

A remarkable point of this procedure is that we can assure t; — ¢y # 0
even in floating-point arithmetic. This reason can be understood as follows.
We judge by sign of ¢; (i = 0, 1) which of the half-spaces generated by II
contains (z;, y;, z;). Hence, ty and t; are mutually different sign floating
point numbers. This implies t; —ty # 0. Therefore, division by zero does not
take place if we seek the point of intersection by the procedure above.

The second measure is taken in Algorithm B. Numerical errors cause a
degenerate triangle to be inputted into Algorithm B (for details, see below).
If a degenerate triangle is inputted, the case of ny = 3 can occur. So we must
add the case of ng = 3, and in such a case, we put J = 0, that is, we make
the output triangulation void.

Let us show that if the two measures above are taken, then Algorithm 3
is numerically robust.

First, we consider Algorithms A and B. We note that the main procedure
of these algorithms is to compute the intersection of a plane and a line seg-
ment whose endpoints lie in both sides of the plane. From the assumption
of this subsection, a normal tetrahedron and a normal plane are inputted
into Algorithm A. Therefore, we can see that the first measure prevents
Algorithm A from failing. On the other hand, a degenerate triangle can be
inputted into Algorithm B; however, in such a case, the first and second
measures prevent it from failing as well.

Next, we consider each step of Algorithm 3. Step 2.1 is assumed to work
normally in this subsection. For Step 2.2.1, we have only to consider Steps
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2 and 4.1 of Algorithm 1. As described above, at Step 2 of Algorithm 1,
Algorithm A normally works; however, its output triangulation can include
some degenerate triangles. In the case when some degenerate triangle are
included, they are inputted into Algorithm 2 at Step 4.1 of Algorithm 1, and
then are inputted into Algorithm B at Step 1 of Algorithm 2. In Algorithm
2, Algorithm B plays an essential role. As mentioned above, Algorithm B
does not fail even if a degenerate triangle is inputted into it. Thus, we
can see that any failures do not occur at Step 4.1 of Algorithm 1. This
implies that any failures do not occur at Step 2.2.1 of Algorithm 3. Also,
a triangulation outputted at Step 2.2.1 of Algorithm 3 can include some
degenerate triangles; however, even in such a case, any failures do not occur
at Step 2.2.2 of Algorithm 3 because we only compute the barycentres and
the measures of triangles there.

From the above, we can prove that if the two measures above are taken,
Algorithm 3 does not fail.

REMARK 5.5 Although we follow the right-hand side of (5.22) to construct
a triangulation of P N'T in Algorithm 2, we can also triangulate P N'T by
representing T as the intersection of three half-spaces and 11, that is, by using

3
T=T1nN (ﬂ H,;>
k=1

and
PNT=H;N[HyN (H N P).

However, since T can be a degenerate triangle, we then can not compute
some of the planes 11}, := 0Hj,. This fact can be the cause of the failure of
the algorithm.

5.3 Simplification of the algorithm

We have seen from the consideration of Section 5.2.3 that the two measures
prevent Algorithm 3 from failing even if some degenerate triangles occur in it.
So, in this section, we simplify Algorithms A and B by allowing their output
triangulations containing some degenerate triangles even if the arithmetic is
exact.
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Although Algorithm A determine its procedure for each case of (Ny, N),
we simplify it by using only N, to determine the procedure, that is, for
each N, =0, 1, ..., 4, asimplified algorithm executes the procedure for the
case of (Ny, N;) = (0, N;) of Algorithm A. Note that in the simplified
algorithm, {v; }nN;rl and {v, }i;]l\er in Table 5.1 denote the vertices of K
that are contained in the interior of H and the vertices of K that are not
contained in the interior of H, respectively. This simplified algorithm will be
called Algorithm A* in the sequel.

We can analogously give a simplified algorithm of Algorithm B, Algorithm
B*. Foreach n, =0, 1, ..., 3, Algorithm B* executes the procedure for the
case of (ng, ny) = (0, ny) of Algorithm B. In the Algorithm B*, {v}'*,
and {v,, }i:l” in Table 5.2 represent the vertices of 7" that are contained in
the interior of H and the vertices of T" that are not contained in the interior
of H, respectively.

When we employ Algorithms A* and B* instead of Algorithms A and
B in Algorithm 3, we shall call such an algorithm Algorithm 3*. A similar
argument to Section 5.2.3 shows that the first measure prevents Algorithm
3* form failing.

In the sequel of this section, we discuss under the assumption that the
arithmetic is executed exactly.

We consider the difference between Algorithms A and A* for an input
{K, II} with tetrahedron K and plane II.

If the output triangulation of Algorithm A is {7}}7_,, then the output
Jl

triangulation of Algorithm A* are represented by {T}}7_, U {T]}/_,, where
T]( are degenerate triangles and J' satisfies 0 < J' < 2.

If a vertex of K lies on II and if it becomes a vertex of an output triangle,
then, in Algorithm A, it is directly employed; but, on the other hand, in
Algorithm A*, it is recomputed by executing the procedure for computing the
point of intersection. Hence, the number of seeking the point of intersection
in Algorithm A* is more than that in Algorithm A.

These facts hold between Algorithms B and B* as well.

From the argument above, we can conclude that the number of seeking
the point of intersection and the number of triangles generated in the process

of Algorithm 3* are more than those in the process of Algorithm 3.
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5.4 Numerical experiments

In this section, we compare Algorithm 3 with Algorithm 3* through numerical
experiments. N

In our numerical experiments, as the fictitious domain 2, we choose a
cube with the length 4 of an edge: 2 = (=2, 2)3, and as the obstacle O, we
take the following five kinds of obstacles:

1. Cube: O = (-1, 1)3.

2. Regular icosahedron: it is circumscribed by the unit sphere centered on
the origin, and has the regular triangle with vertices: (0, 0, 1), (s, 0, ¢)
and (scos Z, ssin 27, ¢) as one of its faces, where ¢ = cos(27/5)/[1 —

cos(2m/5)] and s = /1 — 2.
3. Sphere: O = {zx e R? | |z| < 1}.

4. Right circular cylinder: O = {z = (z1, 13, 73) € R® | 27 + 22 <
(1/2)%, =1 < a9 < 1}.

5. Regular octahedron: it is circumscribed by the sphere of radius a/v/2
centered on the origin, and has the regular triangle with vertices:
(a/2, —a/2, 0), (a/2, a/2, 0) and (0, 0, a/+/2) as one of its faces, where
a=29/8.

In this numerical experiment, we consider two kinds of tetrahedrizations
of domain €2 and two kinds of triangulations of boundary + of each obstacle
O, and call the coarser one of these divisions the first divisions, and the other
the second divisions. B

The ith (¢ = 1, 2) division of domain € is generated as follows: first
Q is subdivided into (128 x 20-1)3 congruent cubes and next each cube is
subdivided into six tetrahedrons (see Fig. 5.4). We do not describe how
to triangulate boundary 7 of each obstacle O in detail; however, we shall
describe the triangulations of v in Remark 5.6 when O is the cube, because
such triangulations are taken to be special ones which are associated with the
tetrahedrizations of 0. Now let h be the mesh length of Q in the direction
of each coordinate axis, and let n,;, be the minimum length of the minimum
side of each triangle belonging to the triangulation of +. In each divisions,
the following relation is satisfied:

TImin 2 2h7
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which is a three dimensional analogue to the result of Girault-Glowinski [44]
for the two dimensional problem. In [44], they state that the mesh size of
~ should be taken slightly larger than that of €2 in order to get appropriate

numerical solutions.
X3
XZ\AL/ x1

Figure 5.4: Tetrahedrization of € (also triangulation of v when O is a cube).

REMARK 5.6 When O is the cube, in the ith (i = 1, 2) division of vy, every
face of v is subdivided into [64 x 20~V]? right-angled isosceles triangle as
depicted in Fig. 5.4. Further, in both the first and the second divisions, every
triangle P of the triangulation becomes the union of faces of four tetrahedrons
of the tetrahedrization as shown in Fig. 5.5.

Figure 5.5: Left: An arbitrary triangular patch P; Right: P becomes the
union of faces of four tetrahedral elements.

In the numerical experiments, we examine the execution time T' [s| of
Algorithms 3 and 3%, the number L of seeking the point of intersection in
Algorithms 3 and 3%, and the number N, of entries of matrix B that are
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judged to be non-zero. Further, we examine the quantities that will be
explained in the following. For each triangular patch P, (m =1,2, ..., M),
let {Tj(m) }3]21 be the triangulation obtained at Step 2.2 of Algorithm 3 (or 3*).
Note that the triangulation may include some degenerate triangles. Then we
define

M
J:ZJm.

m=1

Since J equals the number of computing the barycentre or the measure of the
triangles at Step 2.2.2, we can consider that J is the quantity that strongly
influences the execution time 7. Furthermore, as an error, we compute

M

m=1

Im
e=> [Pl =11
j=1

where |P,,| denotes the measure of P,,.

In the computations, we used a PC whose CPU is Xeon 3.4GHz and main
memory is 8GB. As an complier, we employed Intel Fortran Compiler ver.
8.1. We computed with double precision arithmetic.

We summarize the numerical results in Tables 5.3 and 5.4, where for each
O, the results for the first division and for the second division are listed in the
upper two rows and the lower two rows, respectively, and in each of those two
rows the results for Algorithm 3 and for Algorithm 3* are listed in the upper
row and the lower row, respectively. Further the ratios of J*/J and L*/L
are also listed in Table 5.4, where J* are L* denotes J and L corresponding
to Algorithm 3*, respectively.

Table 5.3 shows that there are a few cases where IV, of Algorithm 3* is
larger than that of Algorithm 3, and that the errors e of these algorithms are
not different from each other.

Table 5.4 illustrates that in the two cases when O is the cube and the
cylinder, Algorithm 3* takes more time than Algorithm 3. Especially, in the
case of the cube, the execution time T of Algorithm 3* is more than twice
that of Algorithm 3. In the other cases, Algorithm 3* takes less time than
Algorithm 3. We can observe that the execution time tends to depend on
the values of J*/J and L*/L. These values for the cube is the largest in the
values listed in Table 5.4. The second largest values are for the cylinder.

We can see that if the values of J*/J and L*/L is some larger, that
is, if the number of triangles generated in Algorithm 3* and the number of

?
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computing the point of intersection in Algorithm 3* are some larger than
those of Algorithm 3, the execution time of Algorithm 3* becomes longer
than that of Algorithm 3. One reason why the values of J*/J and L*/L
increase seems to be that faces of v are contained in division faces of the
tetrahedrization of €2. Because such a situation occurs only in the two cases
when O is the cube and the cylinder. Indeed, as described in Remark 5.6,
when O is the cube, every face of 7 is contained in a division face of ().
Also, when O is the cylinder, the two bases of the cylinder are contained in
division faces of €2. Moreover, when O is the cube, every triangular patch
becomes the union of faces of four tetrahedral elements as depicted in Fig.
5.5. We can consider that this fact also causes the values of J*/J and L*/L
to increase.

Although the case when O is the cube is an disadvantage example for
Algorithm 3*, we note that such an example is not meaningful in practical
computations.

One reason why there are cases where the execution time of Algorithm
3* is shorter than that of Algorithm 3 is that the number of selectors of the
case construct of the Fortran program for Algorithm 3* is less than that of
Algorithm 3.

Although the execution times for Algorithms 3 and 3* are almost the
same except for the case of the cube, the execution time of Algorithm 3* is
slightly shorter than that of Algorithm 3 in the cases except the two cases
when O is the cube and the cylinder. Further, the program for Algorithm
3* is slightly simpler than that for Algorithm 3. Therefore, we can conclude
that the simplified algorithm described in Section 5.3 is effective in practical
computations.

5.5 Conclusions

We have presented a fictitious domain formulation for problem (5.2) to nu-
merically solve the 3D exterior Helmholtz problem. We have shown that
the problem on the fictitious domain method has a unique solution whose
restriction to the original domain €2, coincide with the solution of (5.2).
Further, we have presented an algorithm for computing the entries of the
constraint matrix arising in the resulting system of linear equations. We
have shown that degenerate triangles generated due to numerical errors do
not cause the algorithm to fail. On the basis of this fact, we have designed
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one simplified algorithm, and have shown its effectiveness through numerical
experiments.

Practical computations in this fictitious domain formulation and the math-
ematical analysis for the associated discrete problem (5.18) are yet to be
done.
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Table 5.1: Shape of II N K and procedure to output a triangulation {T]}j:1

of ITN K for each (Ny, Ny).

No | Ny IINK J | Vertices of II N K we | Vertices of T (j =
need to compute 1, J)
0 0 Empty 01— -
1 A triangle 1 | The point of intersec- | 77 := {p1, po, p3}
tion p, of the plane II
and the edge joining v;
and v, (k=1, 2, 3)
2 A quadrangle | 2 | The point of intersec- | T} := {p11, p22, P12},
tion py; of the plane II | Ty := {p11, p22, P21}
and the edge joining v}’
and v, (k, =1, 2)
3 A triangle 1| The point of intersec- | T1 := {p1, 2, p3}
tion p, of the plane II
and the edge joining v,
and v; (k=1,2,3)
4 Empty 01— =
1 0 A point 01— -
1 A triangle 1 | The point of intersec- | Ty := {v, p1, po}
tion p of the plane II
and the edge joining v;
and v, (k=1, 2)
2 A triangle 1 | The point of intersec- | Ty := {v, p1, po}
tion p, of the plane II
and the edge joining v}’
and vy (k=1,2)
3 A point 01— -
2 0 | A line segment || 0 | — -
1 A triangle 1 | The point of intersec- | Ty := {o}, v, p1}
tion p; of the plane II
and the edge joining v;
and vy
2 || A line segment || 0 | — -
310 A triangle 1] - Ty := {09, v, v3}
1 A triangle 01— -
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Table 5.2: Shape of H N'T" and procedure to output a triangulation {T]}j:1

of HNT for each (ng, ny).

ng | ny HNT J | Vertices of H N'T we | Vertices of T} (j =
need to compute 1, J)
00 Empty 01— -
1 A triangle 1 | The point of intersec- | Ty := {v{", p1, p2}
tion p, of the plane II
and the side joining v;
and v, (k=1, 2)
2 | A quadrangle | 2 [ The point of intersec- | 1 := {v{", vs, p1},
tion pp of the plane II | Ty := {vy, p1, po}
and the side joining v}’
and v; (k=1,2)
3 A triangle 1] - T = {v], vy, v}
110 A point 01— -
1 A triangle 1 | The point of intersec- | T} := {v]", o9, pi}
tion p; of the plane II
and the side joining v}
and vy
2 A triangle 1] - Ty = {v), vy, 0]}
2 | 0 | Aline segment || 0 | — -
1 A triangle 1|- Ty = {vf, 09, 03}
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Table 5.3: Computational results I.

@ h Nmin M N, e
cube 3.125E-2  6.25E-2 12,288 | 110,592 0.00
110,592 0.00

1.5625E-2 3.125E-2 49,152 | 442,368 0.00

442,368 0.00

icosahedron  3.125E-2  6.57E-2 5,120 | 101,580 &8.16E-14
101,580 8.16E-14

1.5625E-2  3.29E-2 20,480 | 405,983 3.12E-13

405,983 3.12E-13

sphere 3.125E-2  6.92E-2 5,120 | 118,260 9.61E-14
118,260 9.61E-14

1.5625E-2  3.46E-2 20,480 | 473,290 3.72E-13

473,291 3.72E-13

cylinder 3.125E-2  T7A7TE-2 1,610 | 52,613 2.17E-14
52,689 2.17E-14

1.5625E-2  3.53E-2 6,526 | 212,370 7.01E-14

212,448 T7.01E-14

octahedron  3.125E-2  7.03E-2 2,048 | 41,189 9.96E-15
41,189 9.96E-15

1.5625E-2  3.52E-2 8,192 | 166,693 3.19E-14

166,693 3.19E-14
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Table 5.4: Computational results II.

@) J o JY)J L L*/L T
cube 49,152 4.5 0 oo 0.400
221,184 4,845,568 0.835

196,608 4.5 0 oo 1.68

884,736 19,382,272 3.42

icosahedron 261,589 1.0022 2,167,138 1.0012 0.538
262,155 2,169,844 0.534

1,045,836 1.0006 8,615,212 1.0003  2.16

1,046,432 8,618,162 2.14

sphere 312,751 1.0009 2,510,750 1.0008 0.634
313,029 2,512,824 0.633

1,254,046 1.0003 10,048,568 1.0003  2.62

1,254,416 10,051,212 2.60

cylinder 147,627 1.0378 1,057,801 1.0544 0.303
153,207 1,115,366 0.308

610,410 1.0158 4,399,377 1.0211 1.25

620,025 4,492,180 1.27

octahedron 108,830 1.0099 897,990 1.0209 0.239
109,902 916,784 0.236

443,684 1.0035  364,3517 1.0059 0.980

445,234 366,5166 0.976
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Appendix A

Some Properties of the Hankel
Functions

LEMMA A.1 For all x > 0 and for all v € R, we have

Re M <0
HV ()

Proof.  Since ngl)(x) = J,(x)+iN,(x), where J, and N, are the cylindrical
Bessel function and the cylindrical Neumann function of order v, respectively,
we have

(A1) Re{Hy)'(fv)} _ (@) J)(x) + Ny(x) N ()

H) (x) Ji(x) + N3 ()

According to Watson [130, p. 444], we have Nicholson’s formula:
8 (o]

(A2) J2(z) + N2(z) = —2/ Koy(2x sinh t) cosh(2vt) dt,
™ Jo

where K is the modified Bessel function of the second kind of order zero.
Differentiating (A.2) with z, we obtain

™

8 o
(A3) J,(2)J(x) + N, (2)N)(x) = — / K!(22sinh £) sinh £ cosh(20t) dt.
0
Now we note that we have the following formula:

(Ad) Ko(&) = / e tcosht gt forall € >0
0
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(see Abramowitz and Stegun [1], Watson [130]). Differentiating (A.4) with
&, we can get

(A5) Kj(€) = —/ ettt coshtdt <0 for all € > 0.
0

Combining (A.1), (A.3) and (A.5) completes the proof of Lemma A.1. W

LEMMA A.2 Forallxz > 0 and for allv, V' € R satisfying |v| > |V/'|, we have

H,Sl),(x) Hi,l)/(x)
(A.6) 0 <Im { H,Sl)(x) } < Im { H(/l)(x) .

v

Proof. We have the following formulas:

14

’ 1%
HY () = B («) = —HD(x),

s (2)N, (&) — Iy (2) N, (2) = —% (see [1]).

Using these formulas, we can get

HY (x)] 2 1
(A7) Im { 1Y () } T rz (o) 1 N2 o) .

Now it follows from (A.4) that K,(2xsinht), being in the integral on the
right-hand side of (A.2), is a positive function of ¢ on (0, co). Thus, we can
easily see from (A.2) that for all v, v/ € R satisfying |v| > ||,

(A.8) J2(x) + N2(z) > J2(x) + N2 ().
From (A.7) and (A.8), we can get (A.6). W

HY (x)
H" ()

LEMMA A.3 Im{ } is a decreasing function in (0, 0o). Further

(1)’

H,
(A.9) Tm{ 2 (z) —1 asz— +00

H;' ()
and

H(l)'
(A.10) Im {HO(T((J:))} — +oo  as x — +0.
o (x
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Proof. According to [130], z(J2(z) + NZ(z)) is an increasing function in
(0, 00). This implies that

HY (@) 2 1
HV () | me J5(x) + Ng(x)

(A.11) Im {

is a decreasing function in (0, c0).

We have

2 .
— @ asz — 400 (see [1]).
T

(A.12) HD(z) ~

Further we can see from (A.11) that

2

’ 2 i(z—m/4)
(A.13) Im{H(gl) (‘r)} - ’ V e _
. - .
Hy () ()

From (A.12) and (A.13), we can get (A.9).
Since Jo(0) = 1 and Ny(z) ~ (2/7)logx as @ — +0 (see [1]), we have

No(l')

%logm

{2 (@) +N2(2)} = 2 J2(2) 4 (; log:zc)2 l r 0 asz— 40,

and hence (A.11) yields (A.10). N

LEMMA A.4 For all z > 0 and for alln € NU {0}, we have

Re hf})/(x) <0
hi(x)

Proof.  Since

7T 1
BP (@) = oo H (),
we have
(1) H(l), (I)
(Aag) @)L Tt
: 1 1
w20 mJY ()



Thus, we can see form Lemma A.1 that
’ 1y
h) 1 H, (@
Re{ D (x)} =5 + Re {7(;;1/2( ) < 0.
hn (.ﬁl?) r Hn+1/2(x)

LEMMA A.5 For all x > 0 and for all n € N, we have

0 < Im h () <Im hy ()
hi (x) h ()

Proof. From (A.14), we can get

’ 1)
-~ { WY () } . {Héll/2(x) }
hi (z) H), (@)

Thus, by Lemma A.2, we have
(1) h(l)'
0<Im h%) (z) < Im (21) (z) for all n € N.
hn () hy ()

Since A () = —ie™® /z, we can see that
h(l)/
m{ (21) (x)} =1
ho* (2)

LEMMA A.6 For each x > 0, there exists a positive constant C' such that

1.

1 1Y
(A.15) (z) <C forallneZ,
L+ [n] 7 (2)
1 h%l),(x)
(A.16) Ear < C  foralln e NU{0},

where C' depends on x, but is independent of n.
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Proof.  For proofs of (A.15) and (A.16), see [105] and [81], respectively. W

LEMMA A.7 For anyry > re > 0, H,Sl)(rl)/Hél)(rg)

is a decreasing func-

tion of v on [0, 00), and further

of n € NU{0}.

h%l)(rl)/hg)(m)‘ is a decreasing sequence

Proof. We first prove the former assertion. We write
Fv;r) = [HO@)[
From Nicholson’s formula:

(A.17) F(v;r) = %/ Ky(2rsinht)cosh(2vt)dt (v € R, r > 0),
™ Jo

we see that, for each r > 0, F(-; ) € C*°(R) and F(:; r) > 0. Thus, it is
sufficient to show that

d [ F(v;
A (Elrin) <0
dv \ F(v; rq)
for all v € (0, co). This inequality holds if and only if

dF dF
(A.18) E(V; r)F(v; re) — F(v; TI)E(V; re) < 0.
Hence, let us prove (A.18) in the following. Differentiating (A.17) with v

leads to

dF 16 [
(A.19) E(I/; r) = P/o Koy(2r sinh t)t sinh(2vt) dt.
From (A.17) and (A.19), we have
dF dF
(A.2O)E(1/; r)F(v; r) — F(v; rl)E(l/; )
12 o0 o
= f“g/ / [Ko(2r sinh t1) Ko(2rg sinh to)t; sinh(2vt; ) cosh(2vt,)
™ Jo Jo
—K()(QT’Q sinh tl)Ko(QTl sinh tg)tl sinh(21/t1) COSh(Ql/tg)] dtldtg
128 [
— —4 dtl
™ Jo

t1
/ [K0(27“1 sinh tl)Ko(QTQ sinh tg) — K0(27“1 sinh tQ)Ko(QTQ sinh tl)]
0
X [t1 sinh(2vt;) cosh(2vty) — to sinh(2vty) cosh(2vty)] dts.
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Here, using Macdnold’s formula (see [130, p. 439)):

Ko(X)Ko(z) = %/Ooo exp {—% _ X “32} Ky (ﬁ) % (X, z > 0)

2t t
and the fact that

(risinh®t; + r2sinh®ty) — (r?sinh® ¢, + r2 sinh®¢;)
= (r? —rd)(sinh?¢; — sinh?#,) > 0

for t; >ty > 0, we can conclude that
(A.21) Ko(2r;sinhty)Ky(2rysinhty) — Ko(2ry sinhty) Ko(2rg sinhty) < 0
for t; >ty > 0. Further, we have
(A.22) t1 sinh(2vt;) cosh(2vty) — to sinh(2vty) cosh(2vty)
= 2 {{t— ) SB[y (ts + 1))+ (1 + 1) simh[20(t, — 1]} > 0

for t; >t > 0. From (A.20)—(A.22), we deduce (A.18).
We next prove the latter assertion. Since

™ 1
WD) =\ 5 o (0):

we have
1
hg)(h) _ [ Hr(hz1/2(7“1)
WD) | Vo | HY, 1o(r2)

Hence, it follows from the above result that hle)(rl) / h%l)(rg) is a decreasing

sequence of n e NU{0}. H
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Appendix B

Well-posedness of the Wave
Equation with a DtN Boundary
Condition

B.1 Proof of Theorem 4.1

We first state two lemmas concerning properties of o,,.

LEMMA B.1 We have
In|  K%a

On ~ —— as n — *oo.
a  2|n]

Proof. See [105]. W
LEMMA B.2 For alln € Z, Re(o,) > 0.

Proof. See [93]. N
Define

By = Z Re(o,)pnY, for every ¢ € HI/Q(FQ).

n=—oo

It follows from Lemma B.1 that B is a bounded linear operator form H'/3(T,)
into H~1/2(T,). Further we see from Lemma B.2 that

(Bp, ) >0 for all p € HY*(T,).
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The space E becomes a Hilbert space equipped with the inner product:

(u, v)p = Vug - V1o dx + / w107 dx + (Bug, vo)

Qq a

for w = {ug, u1}, v = {vg, v1} € E; the associated norm is denoted by || - || g-
In order to prove Theorem 4.1, it is sufficient from Hille-Yosida’s theorem
[136] to prove three propositions described below.

PRrOPOSITION B.1 D(A) is dense in E.
PROPOSITION B.2 There exists a positive constant C' such that
(B.1) Re(Au, u)g < Cllul|% for allu € D(A).

PROPOSITION B.3 For every A > 0, there exists (A — A)~! as a bounded
linear operator on E.

Propositions B.1-B.3 will be proved in Subsections B.1.1-B.1.3, respec-
tively.
B.1.1 Proof of Proposition B.1

To prove Proposition B.1, we use the following lemma, whose proof is de-
scribed in [82].

LEMMA B.3 For all g € C>®(T',) and for all € > 0, there exists a u €
Ce(Q, UT,) such that

ou

:0 Pa7 _— =
U on n g

on Iy,

and |Jul|m(q,) < €, where

CP(Q,UT,) = {p € C*(Qy) | There exists a p € C3°(Q2) such that p = @|q, } -

Proof of Proposition B.1. Let {v, v1} be an arbitrary element of E.
Since [C5°(Q, UT,)) is dense in E, there exist {vg;, v1;} € [C5°(Q, UT,))?
(j=1,2,...) such that

(B2) {/UOja vlj} — {/Uo, ’Ul} in K asj — OQ.
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(Bg) g; = —n + U1y + SUOJ‘ + ikvoj on Fa.

Since g; € C(I',), we can see from Lemma B.3 that for each j € N, there
exists a w; € C3°(2, UT',) such that

Ow:
(B4) w;=0 onT,, % =g; onl,,
and
1
(B5) Jlwjllmn) < =

It follows from (B.3) and (B.4) that {vy; — wj, vi;} € D(A). Furthermore,
we deduce from (B.2) and (B.5) that

{/UOj — w]-, Ulj} B {’Uo, Ul} in & asj —00. N

B.1.2 Proof of Proposition B.2

Proof of Proposition B.2. For every u = {ug, u1} € D(A), by the Green
formula, we can get

(B.6) Re(Au, u)p = —||u1]|%2(ra) — Re ((§ — B)ug, u1) + kIm (ug, ui) .
Set ¢ = up|r, and ¥ = uy|r,. Then we have

(B.7) —Re ((§ — B)ug, u1) + kIm (ug, uy) = Z {k+Im(o,)} Im (¢,10n,) .

n=—oo

Lemma B.1 implies that there exists a positive constant Cj such that
(B.8) |k + Im(o,)| < Cy foralln e Z.
Combining (B.6)—(B.8) leads to

2
Re(Au, u)p < IOHUOH%%FG)'

Thus, by the trace theorem and the Poincaré inequality, we can get (B.1).
[ |
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B.1.3 Proof of Proposition B.3

Suppose that w € D(A) satisfies (A—A)u = f with A € Rand f € E. Then
we have

—Aug+ Nug = fi+Afy in €,
(B.9) u = 0 on 7,
aUO

— = —Sug—ikug— Mg+ fo on T,
on
and

(B]_O) Uy = )\UO - fo.

Hence, to prove Proposition B.3, we consider the following problem:

—Au+Nu = f in €,
(B].].) u = O on ")/,
ou

— = -Su—iku— Xu+g on I,
on

and prove the following proposition.

PROPOSITION B.4 For each A\ > 0, for every f € L*(€,), and for every
g € HY2(T,), problem (B.11) has a unique solution which belongs to H*(2,).

We shall prove Proposition B.4 after describing the proof of Proposition
B.3.

Proof of Proposition B.3. Let A\ be an arbitrary non-negative number.
We first show that (A —.A) is one-to-one. Suppose that u = {ug, u1} € D(A)
satisfies (A — A)u = 0, then v satisfies (B.11) with f = 0 and ¢ = 0, and
hence it follows from Proposition B.4 that uy = 0. Thereby (B.10) leads to
up = 0.

We next show that (A — A) is onto. We can see from Proposition B.4
that for every f = {fo, fi} € E, there exists a ug € H?*({),) such that ug
satisfies (B.9). Set uy = Aug — fo € V. Then we can immediately see that
u={uy, w1} € D(A)and A —Au=f. N

Let us now prove Proposition B.4.
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We consider the following problem:
—Au = f in €

(B.12) u = 0 on 7,

0
—u—i—Tu = g on I,
on

where 7 is the operator defined by

Note that 7 is the DtN operator associated with the exterior Laplace problem
where the solution is required to be bounded at infinity. It is easily seen that
T is a bounded linear operator form H'/%(T',) into H~'/2(T,) and satisfies

(B.13) (T, p) >0 forall p € HY*(T,).

LEMMA B.4 For all f € L*(Q,) and for all g € HY?(T,), problem (B.12)
has a unique solution belonging to H*(),), and further we have the following
a priori estimate:

(B-14) [lullm2,) < C{lIflr2@a) + gl §

where C'is a positive constant independent of f and g.

Proof. We present only an outline of the proof. (A complete proof is de-
scribed in [88].) Using the trace theorem, we can see that it suffices to prove
the assertion only in the case when g = 0. It follows from Lax-Milgram’s
lemma that a weak formulation of problem (B.12) with ¢ = 0 has a unique
solution. A harmonic extension of the solution to 2 can be a unique solu-
tion of the exterior Laplace problem on €2 imposing the boundedness of the
solution at infinity. (For the existence and uniqueness of the solution to the
exterior Laplace problem, we refer the reader to [2].) We conclude from the
usual regularity argument that such a harmonic extension belongs to HZ _(£2).
Applying the closed graph theorem to the operator G : L*(Q,) — H*(,)
defined by G'f = wu, where u is the solution of problem (B.12) with g = 0,
we obtain (B.14) with ¢ =0. W
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For any € > 0, we consider the following problem:

Lou:=—Au+eXu = f in Q
(P.) u = 0 on 7,

Keu::%+7u+57€u = g on [,
on
where R =8 — T + ik + \.

LEMMA B.5 Let A >0 and 0 < e < 1. Let f € L*(Q,) and g € HY?(T,).
Assume that u € H*(Qy) satisfies (P.). Then there exists a positive constant
C such that

(B.15) Jlullm o) < C{lIfllz2(@0) + llgllzzera) } -
where C' s independent of \, €, f, g, and .

Proof. By the Green formula, we can get
/Q IVl dz + “2/9 juf?di + (1 — &) (Tu, u) + {Re (Su, ) + Allul2z}

= Re/ fudx + Re (g, u) .
Lemma B.2 yields
(B.16) Re(Su, u) > 0.

Thus it follows from (B.13), (B.16), and the conditions of ¢ and A that

/ |Vul? dr < Re/ fudx + Re (g, u) .
Qq Qa

Hence we can conclude from the Poincaré inequality and the trace theorem
that (B.15) holds. W

LEMMA B.6 For every A > 0, there exists an o > 0 such that if, for an e, €
0, 1], problem (P.,) has a solution belonging to H?(Qy) for every f € L*(,)
and for every g € H'/*(T',), then, for each € satisfying |e — e1| < «, problem
(P.) has a solution belonging to H*(,) for every f € L*(Q,) and for every
g € HYX(T,).
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Proof. For every f € L?*(Q,) and for every g € HY?(T,), let u® be a
solution of problem (P.,), which belongs to H*(Q,). For p=0, 1, 2, ..., let
uPt) € H?(Q,) be a solution of the following problem:

LeuPD = (g) — )X in Q,
uPth = 0 on 7,
K. u%™ = (e, —e)Ru? on T,.

Then, by Lemma B.5, we have, for every p € NU {0},
(BA7) [ Dm0,y < Ci {ler = el A [u® |20, + ler — el [RuP || 20,y }

where C; is a positive constant independent of X, ¢, 1, u®, and u®+1),
Lemma B.1 implies that R is a bounded linear operator on L?(T';). Hence,
it follows from (B.17) and the trace theorem that there exists a positive
constant Cy such that

(p+1

[ |10,y < Coler — el [u® | ),

where Cj is independent of ¢, g1, u®, and u®*V. This yields
(B18) [Vl m(an) < (Coler — )P [l

Set ug = 1 uP). Then we can see from (B.18) that if Cy|e; —¢| < 1, then
{ug}e2, is a Cauchy sequence in V. Furthermore we have, for every ¢ € N,

Lou, = (e1—e)Nug 1+ f in Qg
Ug 0 on 7,
K.u, = (e1—¢)Rug-1+9g on Ty,

and hence, for any ¢ > ¢/, u, — uy becomes the solution of problem (B.12)
with

fo= —eX(ug —ug) + (61 — )N (s — ug_1) =t fog,
g = —&1R(ug—ugy)+ (61 — €)R(Uug—1 — Ug—1) =: Gqq'-

Hence, from (B.14), we have, for any ¢ > ¢/,

(B.19) |lug — uq/HHQ(Qa) <C {quq/HLQ(Qa) + ngq/HHl/Q(Fa)} :
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Since R is also a bounded linear operator on H'/2(T,), (B.19) and the trace
theorem lead to

Huq - uq’HHQ(Qa) < C{Huq - uq/HHl(Qa) + Huqfl - uq/leHl(Qa)} .

This implies that {u,}52, is a Cauchy sequence in H?(€,) since {ug}o2, is a
Cauchy sequence in V. Then its limit u € H*(Q,) is a solution of problem
(P.). We can see from the argument above that if we take o = 1/C5, then
the assertion of Lemma B.6 holds. W

Proof of Proposition B.4. Since, by Lemma B.4, problem (F.) with ¢ = 0,
i.e., problem (B.12) has a solution belonging to H*(2,), Lemma B.6 implies
that problem (F:) with € = 1, i.e., problem (B.11) has a solution belonging
to H?(),). The uniqueness of the solution to problem (B.11) follows from
(B.15). m
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