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Abstract. It is demonstrated that the stability of low n pressure gradient driven modes in stellarators

is improved by local flattening of the pressure at low order rational surfaces. Here n is the toroidal

mode number. Results are presented for the Large Helical Device with an inward magnetic axis shift

of 25 cm.

1. Introduction

The largest stellarator/heliotron device, the Large
Helical Device (LHD), has successfully started
physics experiments [1]. The electron and ion tem-
peratures Te ≈ 3.8 keV and Ti ≈ 2.8 keV were
obtained in the low density range n̄e ≈ 1.5×1019 m−3

[2]. The energy confinement time obtained was about
50% better than the International Stellarator Scal-
ing of energy confinement [3]. The maximum average
beta value, β̄ ' 2.4%, exceeded 2%, which was the
highest beta obtained in stellarator/heliotron devices
[4]. Because β̄ ' 2.4% is not limited by MHD insta-
bilities and the target beta value of LHD is 5%, a
higher power heating is expected in an optimized
magnetic configuration.

In this paper we will discuss the effects of local
pressure profile flattening on interchange modes
which may affect the stability and confinement
properties of LHD. For studying MHD stability in
stellarator/heliotron devices, the Mercier criterion [5]
is valuable. For three dimensional MHD equilibria
under the assumption of the existence of flux sur-
faces, the Mercier criterion is usable for evaluating
the beta limit [6]. Another important ingredient of
three dimensional MHD equilibrium and stability is
the formation of magnetic islands [7]. This is related
to the existence of three dimensional nested flux

surfaces [8]. The magnetic islands may be produced
by resonant perturbed magnetic fields which are
generated by internal resistive MHD instabilities or
external error fields. If the magnetic islands appear
at low order rational surfaces, it is expected that
the pressure profile will become flat in the island
regions. It is shown that the MHD stability based on
the Mercier criterion changes significantly, although
the pressure flattening is highly localized in the
neighbourhood of the relevant rational surfaces [9–
11]. For this situation the stability limit to the low
mode number interchange modes is the important
criterion.

In Section 2, reduced MHD equations and a model
for describing a pressure profile with locally flat
regions at rational surfaces are given. In Section 3,
improvement of the stability limit is discussed briefly
for cylindrical model stellarators. In Section 4, the
relation between the width of local pressure flat-
tening and the growth rates of interchange modes
is shown for the LHD case in the toroidal model.
Examples of pressure profiles to suppress the low n

mode are also shown. In Section 5, we summarize our
results and discuss how they allow reinterpretation of
the analysis of the high β CHS and LHD experiments
that seem to violate the Mercier criterion when eval-
uated using smooth pressure profiles.
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2. Reduced MHD equations and a
model pressure profile with locally
flat regions at rational surfaces

For analysing pressure driven instabilities in
stellarator/heliotron devices, we use the ideal
reduced MHD equations [6, 10, 12], which are written
as

∂ψ

∂t
= −(R/R0)2B ·∇u (1)

ρ
d

dt
∇2
⊥u = −B ·∇(∇2

⊥ψ) +R2
0∇Ω×∇P ·∇ζ (2)

dP

dt
= 0 (3)
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R0B0

R2

∂

∂ζ
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=

∂
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Ω =
1

2π

∫ 2π

0

dζ

(
R

R0

)2(
1 +
|B −B|2

B2
0

)
(6)

∇⊥ =∇−∇ζ(∂/∂ζ). (7)

Here ψ, u and P denote the poloidal flux function,
the stream function and the plasma pressure, respec-
tively. The axisymmetric component of the magnetic
field is given by B, and R and ζ denote the major
radius and the toroidal angle, respectively. The mag-
netic axis is R = R0, and the toroidal field at R = R0

is B0. Because the free boundary effect is not signif-
icant for the stability of currentless plasmas, a per-
fectly conducting wall is usually placed at the plasma
boundary [10]. Note that the equilibrium state of ψ
is consistent with the rotational profile due to stel-
larator fields.

For describing the locally flat pressure profile,

P (ρ) = C[P0(ρ) + Pax(ρ) + Pres(ρ)−A] (8)

is assumed, where P0(ρ) denotes a standard smooth
pressure profile, Pax(ρ) corresponds to a flattening
of pressure profile near the magnetic axis given by

Pax(ρ) = [P0(0)− P0(ρ)] exp

[
−1

2

(
ρ

wa

)4]
(9)

and Pres(ρ) plays a role in flattening the pressure at
rational surfaces

Pres(ρ)=
∑
m

{[P0(ρm)+Pax(ρm)]− [P0(ρ)+Pax(ρ)]}

× exp

[
−1

2

(
ρ−ρm
wm

)4]
. (10)

Here ρ denotes the square root of normalized toroidal
flux. In Eq. (8), A and C are numerical factors
to fix pressures at both the magnetic axis and the
plasma surface. In Eq. (9), wa denotes the width of
a region of flat pressure profile near the magnetic
axis. In Eq. (10), ρm denotes the position of the
m-th rational surface and wm denotes the width of a
region of flat pressure profile at the rational surface
ρ = ρm.

To calculate fixed boundary MHD equilibria for
the LHD configuration with the pressure shown by
Eq. (8), the VMEC code [13] was applied. In the
following calculations the LHD configuration with
an inward magnetic axis shift of 25 cm is consid-
ered. Ideal MHD stability against pressure driven
modes was studied with the RESORM code [14],
which solves the linearized Eqs (1)–(3) as an initial
value problem.

3. Predictions based on a cylindrical
stellarator model for stability
of interchange modes in locally
flattened pressure profiles
at rational surfaces

For studying the beta limit due to interchange
modes, the linearized reduced MHD equations are
solved for assumed cylindrical stellarator/heliotron
plasmas; the equations are reduced to [9]

γ2∇2
⊥u = −(n−mι)∇2

⊥[(n−mι)u]−Ds
m2

r2
u (11)

where Ds and the averaged helical curvature Ω are
expressed as

Ds = − β0

2ε2
P ′Ω′ (12)

Ω = ε2N

(
r2ι+ 2

∫
rι dr

)
. (13)

Here ε = a/R0 denotes the inverse aspect ratio,
β0 = 2µ0P0(r = 0)/B2

0 the central plasma beta
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value and N the toroidal period number of the heli-
cal field. The polarity of the helical field is assumed
as L = 2 in Eq. (12). In order to derive Eq. (11), all
perturbed quantities are assumed to be proportional
to exp[γt−i(mθ−nζ)]. In Eq. (11), the prime denotes
the derivative with respect to the normalized minor
radius r. The perpendicular Laplacian operator in
Eq. (10) is expressed as

∇2
⊥ =

1
r

d

dr

(
r
d

dr

)
− m2

r2
. (14)

Here results obtained by solving Eq. (11) for inter-
change modes in cylindrical stellarator plasmas with
locally flattened pressure profiles [9] are briefly sum-
marized: (i) The Suydam condition becomes irrele-
vant for examining the stability [15]. (ii) The radial
mode structure near the marginal stability becomes
similar to that of the m = 1 internal kink mode near
the rational surface and is extended to the inside
(r < rs) or the outside (r > rs), where rs is the
radius of a rational surface. (iii) The marginal beta
value for the lowmmode resonant at r = rs increases
in relation to the Suydam limit [15]. (iv) It becomes
easier to stabilize the higher harmonics with a nar-
rower flat pressure region.

4. Stabilization of low n interchange
modes with flat pressure regions
at rational surfaces in toroidal
plasmas

For the pressure profile given by Eq. (8) in the
LHD model configuration, global pressure driven
modes with n = 1, 2, 3 are examined with the
RESORM code [14], where n is the toroidal mode
number.

4.1. n = 1 mode

The smooth pressure profile P0(ρ) and the rota-
tional transform profile ι(ρ) are plotted in Fig. 1.
The rational surfaces for the n = 1 mode, ι = 1/1
and ι = 1/2, are shown by the dotted lines in the fig-
ure. Here the peak beta value is assumed to be 2%.
The unstable n = 1 mode exists with a growth rate of
4.846×10−2; it is destabilized at the ι = 1/2 surface.
Here the growth rate is normalized by the poloidal
Alfvén time. When the width w of the flat pressure
region is increased at the ι = 1/2 surface, the growth
rate decreases, as shown in Fig. 2. A marginally sta-
ble pressure profile against the n = 1 mode with

Figure 1. An assumed pressure profile and a rota-

tional transform profile in the LHD configuration with

an inward magnetic axis shift of 25 cm obtained with

the VMEC code [13]. The dotted lines show ι = 1/1 and

ι = 1/2. The central beta value is β(0) = 2% and the

average beta value is β̄ = 0.632%. The radius ρP denotes

the square root of the normalized poloidal flux, which is

also used in Figs 3–10.

w = 0.045 is shown in Fig. 3. For the weakly unsta-
ble n = 1 mode with γ = 8.583× 10−3 in the case of
w = 0.032, the radial mode structure of the stream
function is shown in Fig. 4. Here the sharp decrease
of u at the ι = 1/2 surface is as expected from the
stability theory for the interchange mode in the cylin-
drical plasma model, as discussed in Section 2.

4.2. n = 2 mode

Here the same pressure and rotational transform
profiles as shown in Fig. 1 are used for the stability
analysis of the n = 2 mode. However, the number of
the relevant rational surfaces increases: ι = 2/2, ι =
2/3, ι = 2/4 and ι = 2/5. The RESORM code shows
that the n = 2 mode is destabilized at the rational
surfaces ι = 2/4 and ι = 2/5. Here the growth rate is
γ = 7.187× 10−2 at β(0) = 2%. Thus it is necessary
to introduce two locally flat pressure regions with
different widths at ι = 2/4 and ι = 2/5 for stabilizing
the n = 2 mode. When w = 0.02 at ι = 2/4 and
w = 0.04 at ι = 2/5, the instability is suppressed
completely. The pressure profile obtained is shown
in Fig. 5.
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Figure 2. Growth rate of the n = 1 pressure driven

mode versus the width w of the flat pressure region at the

ι = 1/2 surface. Here time is normalized by the poloidal

Alfvén transit time.

Figure 3. A marginally stable pressure profile against

the n = 1 pressure driven mode with the width of the flat

pressure region w = 0.045. The rotational transform pro-

file obtained with the VMEC code and rational surfaces

ι = 1/1 and ι = 1/2 are also shown.

4.3. n = 3 mode

For the LHD configuration with the pressure and
rotational transform profiles shown in Fig. 1, there
are six rational surfaces: ι = 3/3, 3/4, 3/5, 3/6, 3/7

Figure 4. Radial mode structure of the stream function

for w = 0.032 at the ι = 1/2 surface. The growth rate is

γ = 8.583 × 10−3.

Figure 5. A marginally stable pressure profile against

the n = 2 pressure driven mode with the flat pressure

regions given by w = 0.04 at ι = 2/5 and w = 0.02 at

ι = 2/4. The rotational transform profile obtained with

the VMEC code and rational surfaces ι = 2/2, 2/3, 2/4

and 2/5 are shown.

and 3/8. The RESORM code gives the growth rate
γ = 8.233 × 10−2 at β(0) = 2%. The radial mode
structure of the stream function is shown in Fig. 6.
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Figure 6. Radial mode structure of the stream function

localized near the magnetic axis. The growth rate is γ =

8.233×10−2 and the mode structure has ballooning mode

characteristics.

Note that the unstable mode is localized at the cen-
tral region with a ballooning structure. These are
typical characteristics of the toroidal non-resonant
pressure driven mode [16]. To suppress both this non-
resonant mode and a resonant mode at ι = 3/8,
the central pressure profile is flattened first with
wa = 0.6 in Eq. (9), as shown in Fig. 7. Then the
growth rate decreases to γ = 6.975× 10−2, and the
unstable mode has a typical interchange mode struc-
ture destabilized at ι = 3/4, 3/5, 3/6 and 3/7, as
shown in Fig. 8. For suppressing the pressure driven
interchange mode with n = 3 completely, flat pres-
sure regions are generated at the four rational sur-
faces with w = 0.03 at ι = 3/7, w = 0.03 at ι = 3/6,
w = 0.02 at ι = 3/5 and w = 0.02 at ι = 3/4. The
pressure profile obtained with β(0) = 2% is shown
in Fig. 9. The average beta value is changed from
β̄ = 0.632% (Fig. 1) to β̄ = 1% (Fig. 9).

It was demonstrated that the pressure driven
modes with n = 1, n = 2 and n = 3 can be stabi-
lized by generating locally flat pressure regions at the
relevant rational surfaces separately. Furthermore,
it is confirmed that the n= 1, 2, 3 modes become
stable simultaneously when the pressure profile is
described with wa = 0.6 and locally flat regions with
w=0.025, 0.03, 0.065, 0.03, 0.025 and 0.02 at ι=0.4,
3/7, 0.5, 0.6, 2/3 and 0.75, respectively (Fig. 10).

Figure 7. The central region of the pressure profile

in Fig. 1 is flattened with the parameter wa = 0.6 in

Eq. (15). The rotational transform profile obtained with

the VMEC code and rational surfaces ι = 3/3, 3/4, 3/5,

3/6, 3/7 and 3/8 are shown.

Figure 8. Radial mode structure of the stream function

for the n = 3 pressure driven mode with γ = 6.975×10−2

after suppression of the non-resonant mode.

5. Concluding remarks

We have shown that pressure profiles with local
flattening at the low order resonant surfaces lead to
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Figure 9. A marginally stable pressure profile against

the n = 3 pressure driven mode with the flat pressure

regions given by w = 0.03 at ι = 3/7, w = 0.03 at ι = 3/6,

w = 0.02 at ι = 3/5 and w = 0.02 at ι = 3/4. The rota-

tional transform profile obtained with the VMEC code

and rational surfaces ι = 3/3, 3/4, 3/5, 3/6, 3/7 and 3/8

are shown.

Figure 10. A marginally stable pressure profile against

the pressure driven mode with n = 1, 2 and 3 simultane-

ously. Here w = 0.025, 0.03, 0.065, 0.03, 0.025 and 0.02

at ι = 0.4, 3/7, 0.5, 0.6, 2/3 and 0.75, respectively.

higher stability limits for stellarator/heliotron con-
figurations. This local flattening can be the sponta-
neous result of the non-linear evolution of resistive
interchange modes that are unstable for values of
beta well below the Mercier stability limit. In this

case, we should note that the size and degree of flat-
tening might depend on dissipative effects such as
resistivity and viscosity. However, there are other
ways of creating such locally flat pressure profiles.
One way is by externally applying resonant magnetic
fields. In either situation, we have shown that the low
n pressure driven instabilities are stabilized for the
LHD model configurations. If the pressure gradient
near the magnetic axis is large, non-resonant modes
with toroidal mode numbers around 3 or 4 may also
be destabilized. Therefore, to increase the ideal beta
limits, broad pressure profiles with several flat spots
in the low order resonant surfaces may be needed in
LHD.

There is some evidence that experiments have
exceeded the beta values given by the Mercier cri-
terion when evaluated with smooth pressure profiles.
For instance, there are observations of this type from
CHS [17, 18] and Heliotron E [19]. The above men-
tioned existence of local flat spots at the low order
rational surfaces may explain the discrepancy. The
resistive interchange modes may be the mechanism
causing these flat spots in the magnetic hill regions
of those plasmas. Of course, there are other possi-
ble explanations for this discrepancy. Finite Larmor
radius or kinetic effects may cause the stabilization
of the large n modes. LHD has achieved plasmas
with β̄ ' 2.4%; this value of beta appears to already
exceed the Mercier limit calculated with a smooth
pressure profile. More high β LHD experiments are
needed to fully test our conjecture.
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